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Îïåðàöèîííîå èñ÷èñëåíèå � ðàçäåë ìàòåìàòè÷åñêîãî àíàëèçà, ìåòîä
êîòîðîãî ïîçâîëÿåò â ðÿäå ñëó÷àåâ ïîñðåäñòâîì ïðîñòûõ ïðàâèë ðåøàòü
ñëîæíûå çàäà÷è. Â îñíîâå ìåòîäà ëåæèò èäåÿ çàìåíû èçó÷àåìûõ ôóíê-
öèé (îðèãèíàëîâ) íåêîòîðûìè äðóãèìè ôóíêöèÿìè (èçîáðàæåíèÿìè),
ïîëó÷àåìûìè èç ïåðâûõ ïî îïðåäåëåííûì ïðàâèëàì.

Îäíèì èç âàæíåéøèõ èñòî÷íèêîâ ñîâðåìåííîãî îïåðàöèîííîãî èñ÷èñ-
ëåíèÿ ÿâèëîñü ôîðìàëüíîå ñèìâîëè÷åñêîå èñ÷èñëåíèå, èñòîðèÿ êîòîðîãî
âåäåò ñâîå íà÷àëî îò íåìåöêîãî ìàòåìàòèêà, ôèëîñîôà, ôèçèêà, èçîáðå-
òàòåëÿ, þðèñòà, èñòîðèêà, ÿçûêîâåäà Ãîòôðèäà Âèëüãåëüìà Ëåéáíèöà
(1646-1716). Ñâîåãî àïîãåÿ ñèìâîëè÷åñêîå èñ÷èñëåíèå äîñòèãëî â êîíöå
XIX âåêà â òðóäàõ àíãëèéñêîãî ó÷åíîãî è èíæåíåðà Îëèâåðà Õåâèñàéäà
(1850-1925), äàâøåãî åìó íîâûå ïðèëîæåíèÿ. Äàëüíåéøåå ðàçâèòèå îïå-
ðàöèîííîãî èñ÷èñëåíèÿ ñîñòîÿëî â îáîñíîâàíèè êîíöåïöèé Õåâèñàéäà.

Ñòîðîííèêàìè îïåðàöèîííîãî èñ÷èñëåíèÿ â íà÷àëå XX âåêà áûëî ïî-
êàçàíî, ÷òî â åãî îñíîâå ëåæèò ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà.

Â íàñòîÿùåå âðåìÿ îïåðàöèîííîå èñ÷èñëåíèå è åãî ìíîãî÷èñëåííûå
ïðèëîæåíèÿ ïîëó÷èëè øèðîêîå ðàñïðîñòðàíåíèå. Èíòåãðàëüíîå ïðåîá-
ðàçîâàíèå Ëàïëàñà ÿâëÿåòñÿ íàèáîëåå èçó÷åííûì è ÷àñòî ïðèìåíÿåíûì
äëÿ ðåøåíèÿ ïðèêëàäíûõ çàäà÷ èç âñåõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé.

Ñ ïîìîùüþ îïåðàöèîííîãî èñ÷èñëåíèÿ (ïðåîáðàçîâàíèÿ Ëàïëàñà) ïî-
ëó÷åíû ðåøåíèÿ âàæíûõ ïðàêòè÷åñêèõ çàäà÷ ìåõàíèêè, ýëåêòðîòåõíèêè,
ìàòåìàòè÷åñêîé ôèçèêè, òåîðèè àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ è ò.ä.

Äàííàÿ ðàáîòà íå ïðåòåíäóåò íà ïîëíîòó è ãëóáèíó èçëîæåíèÿ è îáîñ-
íîâàíèÿ èñïîëüçóåìûõ ôàêòîâ è ÿâëÿåòñÿ ó÷åáíî-ìåòîäè÷åñêèì ïîñîáè-
åì ïî äîïîëíèòåëüíûì ãëàâàì ìàòåìàòè÷åñêîãî àíàëèçà. Îíî òàêæå äî-
ïîëíÿåò ó÷åáíûå êóðñû ïî ìåòîäàì ìàòåìàòè÷åñêîé ôèçèêè îñíîâíûìè
ðåçóëüòàòàìè îïåðàöèîííîãî èñ÷èñëåíèÿ.
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1 Ôóíêöèÿ-îðèãèíàë è ôóíêöèÿ-èçîáðàæåíèå

Îïðåäåëåíèå 1. Êîìïëåêñíîçíà÷íàÿ â îáùåì ñëó÷àå ôóíêöèÿ f(t) âå-
ùåñòâåííîãî ïåðåìåííîãî íàçûâàåòñÿ ôóíêöèåé-îðèãèíàëîì, åñëè îíà óäî-
âëåòâîðÿåò óñëîâèÿì:

1. Îäíîçíà÷íà è êóñî÷íî íåïðåðûâíà äëÿ ëþáîãî t, −∞ < t < ∞,
ò.å. îíà ìîæåò èìåòü ðàçðûâû òîëüêî ïåðâîãî ðîäà, ïðè÷åì êàæäûé
êîíå÷íûé èíòåðâàë ñîäåðæèò ëèøü êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà.

2. f(t) ≡ 0 äëÿ t < 0.

3. Ïðè t → +∞ ðàñòåò íå áûñòðåå ïîêàçàòåëüíîé ôóíêöèè, òî åñòü
èìååò ìåñòî îöåíêà

|f(t)| ≤ M eγt, t > 0, (1.1)

ãäå M è γ âåùåñòâåííûå ïîñòîÿííûå, M > 0.

Çàìåòèì, ÷òî ÷àñòî â óñëîâèè 1 â çàâèñèìîñòè îò ïîñòàâëåííîé çàäà÷è
îò f(t) òðåáóþòñÿ áîëåå ñèëüíûå îãðàíè÷åíèÿ, íàïðèìåð, ñóùåñòâîâàíèå
ïðîèçâîäíûõ ïðè t > 0 äî îïðåäåëåííîãî ïîðÿäêà. Óñëîâèå 2 îçíà÷àåò,
÷òî ïðåîáðàçóåìàÿ ôóíêöèÿ ëèáî ïðîäîëæàåòñÿ äëÿ t < 0, åñëè îíà òàì
íåîïðåäåëåíà, ëèáî åå çíà÷åíèÿ çàìåíÿþòñÿ íà íóëåâûå. Íàïðèìåð, ïðå-
îáðàçîâûâàÿ y(t) = cos t, ïîëàãàåì, ÷òî y(t) = 0 ïðè t < 0 è y(t) = cos t

ïðè t ≥ 0. Â òðåòüåì óñëîâèè èíîãäà òðåáóåòñÿ óòî÷íåííàÿ îöåíêà.
Òî÷íàÿ íèæíÿÿ ãðàíèöà çíà÷åíèé γ íàçûâàåòñÿ ïîêàçàòåëåì ñòåïåíè

ðîñòà f(t) è áóäåò îáîçíà÷àòüñÿ γ0.
Èñïîëüçóåòñÿ è äðóãîå ýêâèâàëåíòíîå îïðåäåëåíèå ôóíêöèè-îðèãèíà-

ëà (ñì. ïðèìåð 2).
Îïðåäåëåíèå 2. Ôóíêöèåé-îðèãèíàëîì íàçûâàåòñÿ êîìïëåêñíîçíà÷íàÿ
ôóíêöèÿ f(t), íåïðåðûâíàÿ íà èíòåðâàëå 0 ≤ t < +∞, åñëè ñóùåñòâó-
åò äåéñòâèòåëüíîå ÷èñëî γ0 (ïîêàçàòåëü ñòåïåíè ðîñòà f(t)) òàêîå, ÷òî
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èíòåãðàë

J =

∞∫

0

e−γt |f(t)|dt (1.2)

ñõîäèòñÿ ïðè γ > γ0 è ðàñõîäèòñÿ ïðè γ < γ0.
Åñëè ðàññìàòðèâàåìûé èíòåãðàë ñõîäèòñÿ ïðè âñåõ äåéñòâèòåëüíûõ

γ, òî ïîêàçàòåëü ñòåïåíè ðîñòà γ0 ñ÷èòàþò ðàâíûì −∞; åñëè æå îí ðàñ-
õîäèòñÿ ïðè âñåõ äåéñòâèòåëüíûõ γ, òî ïîëàãàþò γ0 = +∞ è ãîâîðÿò,
÷òî ôóíêöèÿ èìååò íåîãðàíè÷åííûé ðîñò.

Èçîáðàæåíèåì ôóíêöèè f(t) íàçîâåì ôóíêèþ F (p) êîìïëåêñíîé ïå-
ðåìåííîé p = γ + iδ, îïðåäåëÿåìóþ ôîðìóëîé:

F (p) =

∞∫

0

e−pt f(t)dt. (1.3)

Èíòåãðàë â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà íàçûâàþò èíòåãðàëîì Ëàïëà-
ñà, à ïåðåõîä îò îðèãèíàëà ê åãî èçîáðàæåíèþ � ïðåîáðàçîâàíèåì Ëàïëà-
ñà.

Âîçìîæíû è äðóãèå òåðìèíû: F (p) � îáðàç, f(t) � ïðîîáðàç.
Òðåáîâàíèÿ íà f(t) îáåñïå÷èâàþò ñóùåñòâîâàíèå èíòåãðàëà â (1.3) äëÿ

p èç íåêîòîðîé îáëàñòè.
Òîò ôàêò, ÷òî F (p) ÿâëÿåòñÿ èçîáðàæåíèåì f(t) ñèìâîëè÷åñêè çàïè-

ñûâàþò òàê:
f(t) =.

· F (p)

è íàçûâàþò îïåðàöèîííûì (èëè îïåðàòîðíûì) ðàâåíñòâîì.
Óïîòðåáëÿþò è äðóãèå îáîçíà÷åíèÿ, íàïðèìåð,

F (p) = L[f(t)], F (p) → f(t).

Ïðèìåð 1 Ïîêàçàòü, ÷òî ôóíêöèÿ

η(t) =

{
0 ïðè t < 0,

1 ïðè t ≥ 0.
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ÿâëÿåòñÿ ôóíêöèåé-îðèãèíàëîì. η(t) íàçûâàåòñÿ ôóíêöèåé Õåâèñàéäà,
åäèíè÷íîé ôóíêöèåé èëè ôóíêöèåé âêëþ÷åíèÿ.

Ðåøåíèå. Ïîëüçóÿñü ïåðâûì îïðåäåëåíèåì ôóíêöèè-îðèãèíàëà, çàêëþ-
÷àåì, ÷òî âñå òðè óñëîâèÿ äëÿ ýòîé ôóíêöèè âûïîëíåíû:
1) ôóíêöèÿ η(t) îäíîçíà÷íà è êóñî÷íî-íåïðåðûâíà äëÿ ëþáîãî t, −∞ <

t < ∞;
2) η(t) ≡ 0 ïðè âñåõ t < 0;
3) |η(t)| ÿâëÿåòñÿ ïîñòîÿííûì ïðè t > 0, ðàâíûì åäèíèöå, ïîýòîìó
|η(t)| ≤ 1 · eγt = eγt (M = 1, γ ≥ 0 â óñëîâèè |f(t)| ≤ M eγt; íèæíåé
ãðàíüþ ÷èñåë γ ≥ 0 ÿâëÿåòñÿ ÷èñëî γ0 = 0, ïðè ýòîì |η(t)| ≤ 1 · e0t = 1).

Ê òàêîìó æå âûâîäó ïðèõîäèì, ïðèíèìàÿ âî âíèìàíèå âòîðîå îïðå-
äåëåíèå:

∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt |η(t)|dt =

∞∫

0

e−γt dt = e−γt

(
−1

γ

)∣∣∣∣
∞

0
=

1

γ

ïðè γ > 0, òàê êàê e−γt → 0 ïðè t → +∞. Êîãäà γ ≤ 0 èíòåãðàë
ðàñõîäèòñÿ.

Ñëåäîâàòåëüíî, ôóíêöèÿ Õåâèñàéäà ÿâëÿåòñÿ îðèãèíàëîì ñ ïîêàçàòå-
ëåì ðîñòà γ0 = 0.

Ïðèìåð 2 Ïîëüçóÿñü îïðåäåëåíèåì 2, ïîêàçàòü, ÷òî êîìïëåêñíîçíà÷-
íàÿ ôóíêöèÿ f(t), óäîâëåòâîðÿþùàÿ ïðè âñåõ t íåðàâåíñòâó |f(t)| <

M eat, ãäå M > 0, a ≥ 0, ÿâëÿåòñÿ îðèãèíàëîì.

Ðåøåíèå. Â ñîîòâåòñòâèè ñ óñëîâèåì ïîëó÷àåì îöåíêó äëÿ èíòåãðàëà
(1.2):

∞∫

0

e−γt |f(t)|dt < M

∞∫

0

e−(γ−a)t dt.

Èíòåãðàë â ïðàâîé ÷àñòè íåðàâåíñòâà ñõîäèòñÿ ïðè γ − a > 0, ò.å. ïðè
γ > a, ïîýòîìó ñõîäèòñÿ è èíòåãðàë â ëåâîé ÷àñòè ïðè γ > a. Ïðè γ ≤ a

èíòåãðàë ðàñõîäèòñÿ. Ôóíêöèÿ f(t) ÿâëÿåòñÿ îðèãèíàëîì.
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Ïðèìåð 3 Óñòàíîâèòü, ÿâëÿåòñÿ ëè îðèãèíàëîì ôóíêöèÿ f(t) = 1/t.

Ðåøåíèå. Èíòåãðàë (1.2) â äàííîì ñëó÷àå ïðèíèìàåò âèä
∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt dt

t
.

Òàê êàê ïðè γ ≥ 0 lim
t→0

e−γt 1
t : 1

t = 1, òî íà îñíîâàíèè ïðèçíàêà ñðàâíåíèÿ

äëÿ íåñîáñòâåííûõ èíòåãðàëîâ èíòåãðàë
A∫
0

e−γt dt
t áóäåò ðàñõîäÿùèìñÿ,

êàê è èíòåãðàë
A∫
0

dt
t . Èòàê, ðàññìàòðèâàåìûé èíòåãðàë ðàñõîäèòñÿ ïðè

γ ≥ 0. Ïðè γ < 0 èíòåãðàë òàêæå ðàñõîäèòñÿ.
Ñëåäîâàòåëüíî, ôóíêöèÿ f(t) = 1/t íå ÿâëÿåòñÿ îðèãèíàëîì.

Ïðèìåð 4 Ïîêàçàòü, ÷òî ôóíêöèÿ

f(t) =

{
e3t sin 2t ïðè t > 0,

0 ïðè t < 0.

ÿâëÿåòñÿ ôóíêöèåé-îðèãèíàëîì.

Ðåøåíèå. Óáåäèìñÿ, ÷òî âñå òðè óñëîâèÿ, îïðåäåëÿþùèå ôóíêöèþ-îðè-
ãèíàë, âûïîëíÿþòñÿ äëÿ äàííîé ôóíêöèè:
1) ôóíêöèÿ f(t) îäíîçíà÷íà è êóñî÷íî-íåïðåðûâíà äëÿ ëþáîãî t, −∞ <

t < ∞;
2) f(t) ≡ 0 ïðè âñåõ t < 0 â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ôóíêöèè;
3) | e3t sin 2t| ≤ e3t äëÿ ëþáûõ âåùåñòâåííûõ t, òàê ÷òî â êà÷åñòâå M

ìîæíî âçÿòü ÷èñëî, áîëüøåå èëè ðàâíîå åäèíèöå, γ0 = 3.

Ïðèìåð 5 Óñòàíîâèòü, ÿâëÿåòñÿ ëè îðèãèíàëîì ôóíêöèÿ

f(t) = e(3+2i)t .
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Ðåøåíèå. Èíòåãðàë (1.2) â äàííîì ñëó÷àå ïðèíèìàåò âèä
∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt | e(3+2i)t |dt =

∞∫

0

e−γt e3t | e2it |dt.

×òîáû íàéòè ìîäóëü ôóíêöèè e2it, âîñïîëüçóåìñÿ ôîðìóëîé Ýéëåðà, êî-
òîðàÿ â äàííîå çàäà÷å ïðèíèìàåò âèä e2it = cos 2t + i sin 2t, è ôîðìóëîé
äëÿ ìîäóëÿ êîìïëåêñíîãî ÷èñëà; ïîëó÷èì

| e2it | =
√

cos2 2t + sin2 2t = 1.

Ñëåäîâàòåëüíî,
∞∫

0

e−γt e3t | e2it |dt =

∞∫

0

e−(γ−3)t dt.

Ïîñëåäíèé èíòåãðàë ñõîäèòñÿ ïðè γ > 3 è ðàñõîäèòñÿ ïðè γ ≤ 3,
ïîýòîìó äàííàÿ ôóíêöèÿ f(t) ÿâëÿåòñÿ îðèãèíàëîì ñ ïîêàçàòåëåì ðîñòà
γ0 = 3.

Ïðèìåð 6 Óñòàíîâèòü, ÿâëÿåòñÿ ëè îðèãèíàëîì ôóíêöèÿ

f(t) = sin
1

t
.

Ðåøåíèå. Îöåíèì èíòåãðàë (1.2) äëÿ äàííîãî ñëó÷àÿ:
∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt | sin 1

t
|dt ≤

∞∫

0

e−γt dt.

Ïîñëåäíèé èíòåãðàë ñõîäèòñÿ ïðè âñåõ γ > 0 è ðàñõîäèòñÿ ïðè γ ≤ 0.
Ñëåäîâàòåëüíî, äàííàÿ ôóíêöèÿ f(t) ÿâëÿåòñÿ îðèãèíàëîì ñ ïîêàçàòå-
ëåì ðîñòà γ0 = 0.

Ïðèìåð 7 Óñòàíîâèòü, ÿâëÿåòñÿ ëè îðèãèíàëîì ôóíêöèÿ f(t) = eαt,
ãäå α = a + ib � ëþáîå êîìïëåêñíîå ÷èñëî.
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Ðåøåíèå. Ðàññìîòðèì èíòåãðàë âèäà (1.2):
∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt | eαt |dt =

∞∫

0

e−γt eat | eibt |dt =

∞∫

0

e−(γ−a)t dt.

Èíòåãðàë ñõîäèòñÿ ïðè γ > a è ðàñõîäèòñÿ ïðè γ ≤ a. Èòàê, ôóíêöèÿ
f(t) = eαt ÿâëÿåòñÿ îðèãèíàëîì ñ ïîêàçàòåëåì ðîñòà γ0 = a = Re α.

Ïðèìåð 8 Óñòàíîâèòü, ÿâëÿåòñÿ ëè îðèãèíàëîì ôóíêöèÿ f(t) = et2.

Ðåøåíèå. Ðàññìîòðèì èíòåãðàë:
∞∫

0

e−γt |f(t)|dt =

∞∫

0

e−γt et2 dt.

Ïîñêîëüêó ïðè ëþáîì ôèêñèðîâàííîì γ, íà÷èíàÿ ñ íåêîòîðîãî äîñòàòî÷-
íî áîëüøîãî t,

e−γt et2 > 1,

òî ïîñëåäíèé èíòåãðàë ðàñõîäèòñÿ ïðè âñåõ γ. Çíà÷èò, f(t) = et2 íå ÿâ-
ëÿåòñÿ îðèãèíàëîì (γ0 = +∞).

Çàäà÷è
Â çàäà÷àõ 1-10 óñòàíîâèòå, êàêèå èç ôóíêöèé ÿâëÿþòñÿ îðèãèíàëàìè

è íàéäèòå ïîêàçàòåëèè èõ ðîñòà.

1. f(t) = e(5+2i)t . 2. f(t) = e(2−i)t .

3. f(t) = t sin 1
t . 4. f(t) = 1

t
√

t
.

5. f(t) = ch(4− 3i)t. 6. f(t) = sin(2− i)t.

7. f(t) = et3 . 8. f(t) = 1
t−1 .

9. f(t) = t3. 10. f(t) = e1/(t−1)2 .

Âîïðîñû
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1. ×òî íàçûâàþò ôóíêöèåé-îðèãèíàëîì?

2. ×òî íàçûâàþò ïîêàçàòåëåì ðîñòà ôóíêöèè f(t)?

3. Êàê îïðåäåëÿåòñÿ åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà?

4. Êàê îïðåäåëÿåòñÿ èçîáðàæåíèå ôóíêöèè f(t)?

5. ×òî íàçûâàþò èíòåãðàëîì Ëàïëàñà?

6. ×òî íàçûâàþò ïðåîáðàçîâàíèåì Ëàïëàñà?

7. ×òî íàçûâàþò îïåðàöèîííûì ðàâåíñòâîì?

2 Óñëîâèÿ ñóùåñòâîâàíèÿ èçîáðàùåíèÿ è ôîðìóëà
îáðàùåíèÿ

Ïåðâûå æå âîïðîñû, âîçíèêàþùèå ïîñëå ââåäåíèÿ ïðåîáðàçîâàíèÿ Ëà-
ïëàñà, � âîïðîñû î ñõîäèìîñòè èíòåãðàëà è îá îáëàñòè îïðåäåëåíèÿ èçîá-
ðàæåíèÿ.

Ðàíåå áûëî ñêàçàíî, ÷òî òðåáîâàíèÿ íà ôóíêöèþ-îðèãèíàë f(t) îáåñ-
ïå÷èâàþò ñóùåñòâîâàíèå èíòåãðàëà â (1.3) äëÿ p èç íåêîòîðîé îáëàñòè.
Ýòî óòâåðæäåíèå áàçèðóåòñÿ íà ñëåäóþùèõ òåîðåìàõ.

Òàê êàê èçîáðàæåíèå F (p) ÿâëÿåòñÿ ôóíêöèåé êîìïëåêñíîãî ïåðåìåí-
íîãî, òî äîêàçàòåëüñòâà ïðåäñòàâëåííûõ â äàííîì ïóíêòå òåîðåì âîç-
ìîæíû òîëüêî íà îñíîâå òåîðèè àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîãî
ïåðåìåííîãî. Èçëîæåíèå äàííîãî ìàòåðèàëà âûõîäèò çà ðàìêè äàííî-
ãî ïîñîáèÿ, ïîýòîìó ïðèâåäåì îñíîâíûå óòâåðæäåíèÿ áåç äîêàçàòåëüñòâ.
Ïîäðîáíî ÷èòàòåëü ìîæåò îçíàêîìèòüñÿ ñ äàííûì ìàòåðèàëîì â ðàáîòàõ
[½].

Òåîðåìà 1 Åñëè ôóíêöèÿ-îðèãèíàë f(t) èìååò ïîêàçàòåëü ñòåïåíè ðî-
ñòà γ0, òî èíòåãðàë (1.3) ñõîäèòñÿ àáñîëþòíî âñþäó â ïîëóïëîñêî-
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ñòè Re p > γ0, ïðè ýòîì ñõîäèìîñòü ðàâíîìåðíàÿ â ëþáîé îáëàñòè
Re p ≥ γ > γ0

Èç äàííîé òåîðåìû íåïîñðåäñòâåííî ñëåäóåò

Òåîðåìà 2 Åñëè ôóíêöèÿ-îðèãèíàë f(t) èìååò ïîêàçàòåëü ñòåïåíè ðî-
ñòà γ0, òî â îáëàñòè Re p > γ0 ôóíêöèÿ-èçîáðàæåíèå F (p) îïðåäåëåíà,
íåïðåðûâíà è àíàëèòè÷íà ïî p.

Â ïðèëîæåíèÿõ èñïîëüçóåòñÿ ñëåäóþùåå íåîáõîäèìîå óñëîâèå ñóùå-
ñòâîâàíèÿ ôóíêöèè-èçîáðàæåíèÿ (ñì. ïðèìåð 26).

Òåîðåìà 3 Åñëè F (p) èçîáðàæåíèå f(t) ñ ïîêàçàòåëåì ñòåïåíè ðîñòà
γ0 ≥ 0, òî lim

p→∞
F (p) = 0

Áîëåå ïîäðîáíî ñ íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ìîæíî
ïîçíàêîìèòüñÿ â [].

Ôîðìóëà (1.3) äàåò íàì ïðàâèëî, ïî êîòîðîìó îñóùåñòâëÿåòñÿ ïåðåõîä
îò îðèãèíàëà ê åãî èçîáðàæåíèþ. Îáðàòíûé ïåðåõîä îñóùåñòâëÿåòñÿ ñ
ïîìîùüþ ôîðìóëû îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.

Íåïîñðåäñòâåííîå íàõîæäåíèå îðèãèíàëà ïî èçîáðàæåíèþ F (p) îñíî-
âûâàåòñÿ íà ñëåäóþùåé òåîðåìå.

Òåîðåìà 4 Åñëè ôóíêöèÿ-îðèãèíàë f(t) ñ ïîêàçàòåëåì ñòåïåíè ðîñòà
γ0 ≥ 0 óäîâëåòâîðÿåò óñëîâèÿì Äèðèõëå, òî èìååò ìåñòî ôîðìóëà
îáðàùåíèÿ

f(t) =
1

2πi

γ+i∞∫

γ−i∞

F (p) ept dp, (2.1)

ãäå ïî îïðåäåëåíèþ
γ+i∞∫

γ−i∞

F (p) ept dp = lim
ω→∞

γ+iω∫

γ−iω

F (p) ept dp,
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à γ > γ0 ìîæåò áûòü âûáðàíî ïðîèçâîëüíî. Ðàâåíñòâî (2.1) âûïîëíÿ-
åòñÿ â êàæäîé òî÷êå t, â êîòîðîé ôóíêöèÿ f(t) íåïðåðûâíà.

Íàïîìíèì, ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèÿì Äèðèõëå, åñëè îíà
1. êóñî÷íî-íåïðåðûâíà;
2. êóñî÷íî-ìîíîòîííà.

Èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû îáðàùåíèÿ (2.1) íàçûâàþò èíòå-
ãðàëîì Ìåëëèíà, à ñàìó ôîðìóëó � ôîðìóëîé Ðèìàíà � Ìåëëèíà.

Ìîæíî ïîêàçàòü (ñì., íàïðèìåð []), ÷òî êàæäàÿ ôóíêöèÿ-îðèãèíàë
îäíîçíà÷íî âîññòàíàâëèâàåòñÿ ïî ñâîåìó èçîáðàæåíèþ ñ òî÷íîñòüþ äî
çíà÷åíèé â òî÷êàõ ðàçðûâà.

Ïðè âîññòàíîâëåíèè ôóíêöèé-îðèãèíàëîâ ïî èçîáðàæåíèþ îáû÷íî èñ-
ïîëüçóþò òàáëèöó îðèãèíàëîâ è èçîáðàæåíèé (ñì. ïóíêò 8). Èñïîëüçî-
âàíèå ôîðìóëû îáðàæåíèÿ � äåëî òðóäíîå. Îäíàêî ñ åå ïîìîùüþ ìîæ-
íî ïîëó÷èòü íåñêîëüêî ïðàêòè÷åñêèõ ðåçóëüòàòîâ, êîòîðûå íàçûâàþòñÿ
òåîðåìàìè ðàçëîæåíèÿ è êîòîðûå ìîãóò ïîìî÷ü â çàäà÷å âîññòàíîâëåíèÿ
îðèãèíàëîâ. ×àñòè÷íî äàííûé ìàòåðèàë èçëîæåí è ïðîäåìîíñòðèðîâàí
íà ïðèìåðàõ â ïóíêòå 6 (ïîäðîáíî ñì. â []).

3 Ïðîñòåéøèå ïðèìåðû ïðåîáðàçîâàíèé

Ïðèâåäåì íåñêîëüêî ïðèìåðîâ íàõîæäåíèÿ èçîáðàæåíèé ôóíêöèé. Â äàëü-
íåéøåì áóäåò ñîñòàâëåíà òàáëèöà èçîáðàæåíèé íàèáîëåå ÷àñòî âñòðå÷à-
þùèõñÿ ôóíêöèé.

3.1 Ôóíêöèÿ Õåâèñàéäà (åäèíè÷íàÿ ôóíêöèÿ)

Ïóñòü

η(t) =

{
0 ïðè t < 0,

1 ïðè t ≥ 0.
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Ïîêàçàòåëü ñòåïåíè ðîñòà η(t) ðàâåí 0 (ñì. ïðèìåð 1).

η(t) =.
·

∞∫

0

e−pt dt = e−pt

(
−1

p

)∣∣∣∣
∞

0
=

1

p
. (3.1)

Çäåñü ìû ïðåäïîëîæèëè, ÷òî Re p > 0, à çíà÷èò

lim
t→∞

e−pt = 0.

Ëþáóþ ôóíêöèþ ñ "òåìíûì ïðîøëûì"ïðè t < 0, íî êóñî÷íî íåïðå-
ðûâíóþ è ïîêàçàòåëüíîãî ðîñòà ïðè t > 0 óìíîæåíèåì íà η(t) ïðåâðà-
ùàåì â ôóíêöèþ- îðèãèíàë, ïðè ýòîì ñàì ìíîæèòåëü η(t) äëÿ ïðîñòîòû
îïóñêàåòñÿ. Íàïðèìåð, f(t) = cos ωt îçíà÷àåò, ÷òî f(t) = η(t) cos ωt. Ïðè-
âëåêàþòñÿ è ôóíêöèè âèäà η(t− a), a > 0,

η(t− a) =

{
0 ïðè t < a,

1 ïðè t ≥ a,

à òàêæå êðàòíûå η(t):

f(t) = bη(t) =

{
0 ïðè t < 0,

b ïðè t ≥ 0.

3.2 Ïîêàçàòåëüíàÿ ôóíêöèÿ

Ïîñòðîèì èçîáðàæåíèå f(t) = eαt, α � êîìïëåêñíîå ÷èñëî.

eαt =.
·

∞∫

0

e−pt eαt dt =

∞∫

0

e−(p−α)t dt =

(
− 1

p− α

)
e−(p−α)

∣∣∣∣
∞

0
.

Ïîñëåäíèé èíòåãðàë ñõîäèòñÿ äëÿ ëþáîãî p, Re p > Re α, â èòîãå

eαt =.
·

1

p− α
; Re p > Re α. (3.2)
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3.3 Ñòåïåííàÿ ôóíêöèÿ

Íàéäåì ïðåîáðàçîâàíèå f(t) = tν. Òðåáîâàíèÿ íà îðèãèíàë ââîäÿò îãðà-
íè÷åíèå ν ≥ 0, îäíàêî èíòåãðàë (1.3) ñõîäèòñÿ â òî÷êå t = 0 è ïðè
ν > −1, ÷òî ïîçâîëÿåò ïîñòðîèòü èçîáðàæåíèå tν äëÿ ν > −1.

tν =.
·

∞∫

0

e−pt tνdt, Re p > γ0 = 0.

Ïóñòü âíà÷àëå p = x � âåùåñòâåííîå, òîãäà

F (x) =

∞∫

0

e−xt tνdt =
1

xν+1

∞∫

0

sν e−s ds, s = xt.

Èíòåãðàë ñïðàâà ÿâëÿåòñÿ çíà÷åíèåì ýéëåðîâà èíòåãðàëà Γ(α) â òî÷êå
α = ν +1. Òåïåðü F (x) = Γ(ν +1)x−(ν+1). Ôóíêöèþ F (x) ìîæíî ïðîäîë-
æèòü àíàëèòè÷åñêè ñ ëó÷à x > 0 íà âñþ ïðàâóþ ïîëóïëîñêîñòü Re p > 0,
ïîëàãàÿ F (p) = Γ(ν+1)

pν+1 . Ïðè äðîáíûõ ν ïîëó÷àåòñÿ ìíîãîçíà÷íàÿ àíàëè-
òè÷åñêàÿ ôóíêöèÿ, ïîýòîìó âûáèðàåòñÿ îäíîçíà÷íàÿ âåòâü, êàê ïðàâèëî,
â ïëîñêîñòè ñ ðàçðåçîì ïî îòðèöàòåëüíîé ÷àñòè îñè x, ïîëîæèòåëüíàÿ
ïðè p = 1. Èòàê,

tν =.
·

Γ(ν + 1)

pν+1 , Re p > 0, ν > −1. (3.3)

Åñëè ν = n � öåëîå, òî, ó÷èòûâàÿ, ÷òî Γ(n + 1) = n!, èìååì

tν =.
·

n!

pn+1 . (3.4)

Çàäà÷è
Â çàäà÷àõ 1-4 íàéòè èçîáðàæåíèÿ F (p) îðèãèíàëîâ f(t).

1. f(t) = t. 2. f(t) = e(1−i)t .

3. f(t) =

{
1 ïðè 0 < t < a,

0 ïðè t ≥ a.
4. f(t) =





t

a
ïðè 0 ≤ t ≤ a,

1 ïðè t > a.
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Âîïðîñû

1. ×åìó ðàâíî èçîáðàæåíèå åäèíè÷íîé ôóíêöèè Õåâèñàéäà?

2. ×åìó ðàâíî èçîáðàæåíèå ôóíêöèè f(t) = eαt?

3. ×åìó ðàâíî èçîáðàæåíèå ôóíêöèè f(t) = tν, ν > −1?

4 Îñíîâíûå ïðàâèëà, ôîðìóëû è òåîðåìû îïåðàöè-
îííîãî èñ÷èñëåíèÿ

Â äàííîì ðàçäåëå ìû ïðèâåäåì îñíîâíûå ôàêòû îïåðàöèîííîãî èñ÷èñ-
ëåíèÿ. Ïðè ýòîì ìíîãèå òåîðåìû áóäóò ñîïðîâîæäàòü ïðèìåðû, êîòîðûå
âìåñòå ñ ïðåäûäóùèìè ñîñòàâÿò îñíîâíóþ òàáëèöó.

4.1 Ñâîéñòâî ëèíåéíîñòè è îäíîðîäíîñòè

Òåîðåìà 5 Åñëè f(t) =.
· F (p), g(t) =.

· G(p), α è β êîìïëåêñíûå ïîñòî-
ÿííûå, òî

αf(t) + βg(t) =.
· αF (p) + βG(p). (4.1)

Ñîîòíîøåíèå (4.1) ñëåäóåò èç îïðåäåëåíèÿ èíòåãðàëüíîãî ïðåîáðàçî-
âàíèÿ Ëàïëàñà. Îíî, åñòåñòâåííî, ðàñïðîñòðàíÿåòñÿ íà êîíå÷íîå ÷èñëî
ñëàãàåìûõ, ôóíêöèÿ â ïðàâîé ÷àñòè îïðåäåëåíà â îáëàñòè Rep > A0, ãäå
A0 � ìàêñèìóì ïîêàçàòåëåé ðîñòà ôóíêöèé-îðèãèíàëîâ ëåâîé ÷àñòè.

Ïðèìåð 9 Íàéòè èçîáðàæåíèÿ òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷å-
ñêèõ ôóíêöèé sin ωt, cos ωt, sh ωt, ch ωt, ω �êîìïëåñíàÿ ïîñòîÿííàÿ.
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Ðåøåíèå. Ïîëüçóÿñü òåîðåìîé 5 è ôîðìóëîé (3.2), íàõîäèì

1. sin ωt =
1

2i

(
eiωt− e−iωt

)
=.
·

1

2i

(
1

p− iω
− 1

p + iω

)
=

ω

p2 + ω2 ;(4.2)

Re p > |Im ω|,

2. cos ωt =
1

2

(
eiωt + e−iωt

)
=.
·

1

2

(
1

p− iω
+

1

p + iω

)
=

p

p2 + ω2 ; (4.3)

Re p > |Im ω|,

3. sh ωt =
1

2

(
eωt− e−ωt

)
=.
·

1

2

(
1

p− ω
− 1

p + ω

)
=

ω

p2 − ω2 ; (4.4)

Re p > |Re ω|,

4. ch ωt =
1

2

(
eωt + e−ωt

)
=.
·

1

2

(
1

p− ω
+

1

p + ω

)
=

p

p2 − ω2 ; (4.5)

Re p > |Re ω|.

Ïðèìåð 10 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = ch 2t + 2 e−3t +1.

Ðåøåíèå. Ïîëüçóÿñü ëèíåéíîñòüþ ïðåîáðàçîâàíèÿ Ëàïëàñà è ôîðìóëà-
ìè (3.1), (3.2), (4.5), íàõîäèì

f(t) = ch 2t + 2 e−3t +1 =.
·

p

p2 − 4
+

2

p + 3
+

1

p
.

Ïðèìåð 11 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = sin t · sin 3t.

Ðåøåíèå. Ïðåîáðàçóÿ äàííóþ ôóíêöèþ è ïðèìåíÿÿ òåîðåìó 5 è ôîð-
ìóëó (4.3), ïîëó÷àåì

f(t) = sin t · sin 3t =
1

2
(cos 2t− cos 4t) =.

·
1

2

(
p

p2 + 4
− p

p2 + 16

)
.

Ïðèìåð 12 Íàéòè èçîáðàæåíèå ôóíêöèè sin(t− 1)η(t).

Ðåøåíèå. Ïîñêîëüêó sin(t−1)η(t) = (sin(t) cos 1−cos(t) sin 1)η(t), cos 1,
sin 1 � ïîñòîÿííûå, òî ïî ñâîéñòâó ëèíåéíîñòè ñ ó÷åòîì ôîðìóë (4.2)-(4.3)
ïîëó÷àåì

sin(t− 1)η(t− 1) =.
·

1

p2 + 1
cos 1− p

p2 + 1
sin 1.
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4.2 Òåîðåìà ïîäîáèÿ

Òåîðåìà 6 Ïóñòü f(t) =.
· F (p), α > 0, òîãäà

f(αt) =.
·

1

α
F

( p

α

)
. (4.6)

Äîêàçàòåëüñòâî. Â èçîáðàæåíèè ôóíêöèè f(αt) äåëàÿ çàìåíó t = τ/α,
ïîëó÷àåì

f(αt) =.
·

∞∫

0

e−pt f(αt)dt =

∞∫

0

e−
p
ατ f(τ)

dτ

α
=

1

α
F

( p

α

)
.

Òåîðåìà ïîäîáèÿ ñïðàâåäëèâà è äëÿ êîìïëåêñíûõ α. Îáîñíîâàíèå ýòîãî
ôàêòà ìû îïóñêàåì, ñì [].

Ïðèìåð 13 Íàéòè èçîáðàæåíèå sin ωt, çíàÿ èçîáðàæåíèå sin t, ω �
êîìïëåñíàÿ ïîñòîÿííàÿ.

Ðåøåíèå. Ïîñêîëüêó sint =.
·

1
p2+1 , òî â ñîîòâåòñòâèè ñ òåîðåìîé ïîäîáèÿ

ïîëó÷àåì
sin ωt =.

·
1

ω

1

(p/ω)2 + 1
=

ω

p2 + ω2 .

4.3 Òåîðåìà çàïàçäûâàíèÿ

Òåîðåìà 7 Ïóñòü f(t) =.
· F (p), òîãäà äëÿ t0 > 0

f(t− t0) =.
· e−pt0 F (p). (4.7)

Ïîä ôóíêöèåé-îðèãèíàëîì f(t− t0) ïîíèìàåòñÿ ôóíêöèÿ, ðàâíàÿ 0 ïðè
t < t0 è f(t − t0) ïðè t ≥ t0, òî åñòü, f(t − t0) � ñäâèã îðèãèíàëà f(t)

âïðàâî íà t0. Ïðåîáðàçóåì f(t− t0)

f(t− t0) =.
·

∞∫

0

e−pt f(t− t0)dt =

∞∫

t0

e−pt f(t− t0)dt.
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Ñäåëàåì â ïîñëåäíåì èíòåãðàëå çàìåíó t− t0 = τ .

f(t− t0) =.
·

∞∫

0

e−p(t0+τ) f(τ)dτ = e−pt0

∞∫

0

e−pτ f(τ)dτ = e−pt0 F (p).

Òåîðåìà äîêàçàíà.

Ïðèìåð 14 Íàéòè èçîáðàæåíèå ôóíêöèè Õåâèñàéäà η(t− α), α > 0.

Ðåøåíèå. Ïðèìåíèì òåîðåìó 7

η(t− α) =.
· e−pα 1

p
. (4.8)

Ïðèìåð 15 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) ðàâíîé åäèíèöå ïðè 2 ≤
t ≤ 4 è íóëþ äëÿ îñòàëüíûõ t, ñì. ðèñ. 1.

Ðèñ.1.1. Ñëó÷àé ...

Ðåøåíèå. Äàííûé îðèãèíàë ìîæíî ïðåäñòàâèòü â âèäå

f(t) = η(t− 2)− η(t− 4).

Òåïåðü, ïðèìåíÿÿ òåîðåìó çàïàçäûâàíèÿ, ïîëó÷àåì

η(t− 2)− η(t− 4) =.
·

e−2p− e−4p

p
=

2 e−3p

p
sh p.

Ïðèìåð 16 Íàéòè èçîáðàæåíèå ôóíêöèè f(αt − t0), α > 0, t0 > 0,
åñëè f(t) =.

· F (p)

Ðåøåíèå.

f(αt− t0) =.
·

∞∫

t0/α

e−pt f(αt− t0)dt =

∞∫

0

e−p(t0+τ)/α f(τ)
dτ

α
=

1

α
F

( p

α

)
e−

t0
α p .
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Ïðèìåð 17 Íàéòè èçîáðàæåíèå ôóíêöèé sin(ωt − ε0) è cos(ωt − ε0),
ω > 0, ε0 > 0.

Ðåøåíèå.

sin(ωt− ε0) =.
· e−

ε0
ω p ω

p2 + ω2 ;

cos(ωt− ε0) =.
· e−

ε0
ω p p

p2 + ω2 .

Ïðèìåð 18 Íàéòè èçîáðàæåíèå ôóíêöèé (ðèñ. 2):

f(t) =





h
l t ïðè 0 ≤ t < l;

h
l (2l − t) ïðè l ≤ t ≤ 2l;

0 ïðè t < 0 è t > 2l.

Ðåøåíèå. Èñïîëüçóÿ ôóíêöèþ Õåâèñàéäà, çàïèøåì f(t) â âèäå

f(t) =
h

l
tη(t)− h

l
tη(t− l) +

h

l
(2l − t)η(t− l)− h

l
(2l − t)η(t− 2l) =

=
h

l
[tη(t)− 2(t− l)η(t− l) + (t− 2l)η(t− 2l)] .

Òåïåðü, ïðèìåíÿÿ òåîðåìó çàïàçäûâàíèÿ, èìååì

f(t) =.
·

h

l

[
1

p2 − 2 e−pt 1

p2 + e−2pt 1

p2

]
=

h

l

(1− e−pt)2

p2 .

Ïðèìåð 19 Íàéòè èçîáðàæåíèå ôóíêöèè sin(t− 1)η(t− 1).

Ðåøåíèå. Âèä ôóíêöèè ïîêàçûâàåò, ÷òî çäåñü èìååòñÿ çàïàçäûâàíèå
àðãóìåíòà íà âåëè÷èíó θ = 1. Ñ ïîìîùüþ òåîðåìû çàïàçäûâàíèÿ è ôîð-
ìóëû (4.2), êîãäà ω = 1, ïîëó÷àåì (ñð. ñ ïðèìåðîì 12)

sin(t− 1)η(t− 1) =.
·

e−p

p2 + 1
.

19



4.4 Òåîðåìà ñìåùåíèÿ

Òåîðåìà 8 Åñëè f(t) =.
· F (p) è α � êîìïëåêñíîå ÷èñëî, òî

e−αt f(t) =.
· F (p + α). (4.9)

Äåéñòâèòåëüíî,

e−αt f(t) =.
·

∞∫

0

e−αt e−pt f(t)dt =

∞∫

0

e−(p+α)t f(t)dt = F (p + α).

Åñëè γ0 � ïîêàçàòåëü ñòåïåíè ðîñòà f(t), òî F (p + α) îïðåäåëåíà è àíà-
ëèòè÷åñêàÿ â îáëàñòè Re p > γ0 − Re α.

Ðàññìîòðèì íåñêîëüêî ïîëåçíûõ ïðèìåðîâ

Ïðèìåð 20 Íàéòè èçîáðàæåíèÿ ôóíêöèé e−αt sin ωt, e−αt cos ωt, e−αt sh ωt,
e−αt ch ωt, tn e−αt, ω è α �êîìïëåñíûå ïîñòîÿííûå.

Ðåøåíèå. Ïîëüçóÿñü òåîðåìîé 8, íàõîäèì

1. e−αt sin ωt =.
·

ω

(p + α)2 + ω2 , Re p > |Im ω| − Re α;

2. e−αt cos ωt =.
·

p + α

(p + α)2 + ω2 , Re p > |Im ω| − Re α;

3. e−αt sh ωt =.
·

ω

(p + α)2 − ω2 , Re p > |Re ω| − Re α;

4. e−αt ch ωt =.
·

p + α

(p + α)2 − ω2 , Re p > |Re ω| − Re α;

5. tn e−αt =.
·

n!

(p + α)n+1 , Re p > Re α.

4.5 Äèôôåðåíöèðîâàíèå îðèãèíàëà (èçîáðàæåíèå ïðîèçâîä-
íîé)

Òåîðåìà 9 Åñëè f(t) =.
· F (p) è f ′(t) � ôóíêöèÿ-îðèãèíàë, òî

f ′(t) =.
· pF (p)− f(0), Re p > γ0, (4.10)

ãäå γ0 � ïîêàçàòåëü ñòåïåíè ðîñòà f(t).
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Äîêàçàòåëüñòâî. Ïóñòü f(t) è f ′(t) � ôóíêöèè-îðèãèíàëû, îíè áóäóò
èìåòü îäèíàêîâûé ïîðÿäîê ðîñòà � γ0. Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

f ′(t) =.
·

∞∫

0

e−pt f ′(t)dt =

∞∫

0

e−pt df(t) =

= f(t) e−pt
∣∣∞
0 + p

∞∫

0

e−pt f(t)dt = pF (p)− f(0).

Çäåñü ìû ó÷ëè, ÷òî lim
t→∞

|f(t) e−pt | = 0 ïðè Re p > γ0.
Òåîðåìà 9 ïåðåíîñèòñÿ íà ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ. Òàê, åñëè

f(t), f ′(t) è f ′′(t) � ôóíêöèè-îðèãèíàëû, òî

f ′′(t) =.
· p2F (p)− pf(0)− f ′(0), Re p > γ0. (4.11)

Äëÿ n-îé ïðîèçâîäíîé

f (n)(t) =.
· pnF (p)−pn−1f(0)−pn−2f ′(0)−...−f (n−1)(0), Re p > γ0. (4.12)

Ïîëó÷åííûå ôîðìóëû, êàê ìû óâèäèì íèæå, èãðàþò âàæíóþ ðîëü â
ïðèëîæåíèÿõ.

Ïðèìåð 21 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = sin2 t ñ ïîìîùüþ äèô-
ôåðåíöèðîâàíèÿ îðèãèíàëà.

Ðåøåíèå. Âîñïîëüçóåìñÿ ôîðìóëîé (4.10). Ïîñêîëüêó f(0) = 0, òî ôîð-
ìóëà ïðèíèìàåò âèä f ′(t) =.

· pF (p). Òàê êàê f ′(t) = 2 sin t cos t = sin 2t,
òî f ′(t) = sin 2t =.

· pF (p). Íà îñíîâàíèè ôîðìóëû (4.2) ïîëó÷àåì sin 2t =.
·

2
p2+4 , ïîýòîìó

2

p2 + 4
= pF (p),

Îòêóäà
F (p) =

2

p(p2 + 4)
, sin2 t =.

·
2

p(p2 + 4)
.
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4.6 Èçîáðàæåíèå èíòåãðàëà

Òåîðåìà 10 Ïóñòü f(t) =.
· F (p), Re p > γ0, òîãäà

ϕ(t) =

t∫

0

f(τ)dτ =.
·

1

p
F (p), Re p > γ0. (4.13)

Ïðèìåð 22 Íàéòè èçîáðàæåíèå ôóíêöèè
t∫

0
eτdτ .

Ðåøåíèå. Â ñîîòâåòñòâèè ñ ôîðìóëîé (3.2) ïðè α = 1 ïîëó÷èì et =.
·

1
p−1 .

Íà îñíîâàíèè ôîðìóëû (4.13) íàéäåì, ÷òî
t∫

0

eτdτ =.
·

1

p(p− 1)
.

Ïðèìåð 23 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = tn, ãäå n � íàòóðàëü-
íîå ÷èñëî, ïîëüçóÿñü ïðàâèëîì èíòåãðèðîâàíèÿ îðèãèíàëà.

Ðåøåíèå. Èç îïåðàòîðíîãî ðàâåíñòâà 1 =.
·

1
p , ïîëüçóÿñü ôîðìóëîé (4.13)

íàõîäèì
t∫

0

1dτ = t =.
·

1

p2 ,

t∫

0

τdτ =
t2

1 · 2 =.
·

1

p3 ,

t∫

0

τ 2

1 · 2dτ =
t3

1 · 2 · 3 =.
·

1

p4 ;

t∫

0

τn−1

1 · 2 · · · (n− 1)
dτ =

tn

1 · 2 · · ·n =.
·

1

pn+1

tn =.
·

n!

pn+1 .
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4.7 Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ

Òåîðåìà 11 Ïóñòü F (p) =.
· f(t), Re p > γ0, òîãäà

F ′(p) =.
· −tf(t), Re p > γ0. (4.14)

Äîêàçàòåëüñòâî. Ôóíêöèÿ F (p), àíàëèòè÷åñêàÿ â îáëàñòè Re p > γ0

èìååò ïðîèçâîäíûå ëþáîãî ïîðÿäêà äëÿ óêàçàííûõ çíà÷åíèé p, â ÷àñò-
íîñòè F ′(p).

F ′(p) =




∞∫

0

e−pt f(t)dt



′

p

= −
∞∫

0

e−pt f(t)tdt =.
· −tf(t).

Íåòðóäíî ïîëó÷èòü ñîîòíîøåíèå äëÿ F (n)(p):

F (n)(p) =.
· (−1)ntnf(t). (4.15)

Ôîðìóëû (4.14) è (4.15) èìåþò âàæíîå çíà÷åíèå ïðè íàõîæäåíèè êàê
ïðÿìîãî òàê è îáðàòíîãî ïðåîáðàçîâàíèé.

Ïðèìåð 24 Íàéòè èçîáðàæåíèÿ ôóíêöèé t sin ωt è t cos ωt.

Ðåøåíèå. Ïîëüçóÿñü ôîðìóëàìè (4.2)-(4.3) è òåîðåìîé 11, ïîëó÷èì

−t sin ωt =.
· − 2pω

(p2 + ω2)2 ,

−t cos ωt =.
·

p2 + ω2 − 2p2

(p2 + ω2)2 =
−p2 + ω2

(p2 + ω2)2 .

Òàêèì îáðàçîì,

t sin ωt =.
·

2pω

(p2 + ω2)2 , Re p > |Im ω|,

t cos ωt =.
·

p2 − ω2

(p2 + ω2)2 , Re p > |Im ω|.

Ïðèìåð 25 Íàéòè èçîáðàæåíèÿ ôóíêöèé tn eαt, ãäå n � íàòóðàëüíîå
÷èñëî.

23



Ðåøåíèå. Èç ñîîòíîøåíèÿ (3.2) n-êðàòíûì äèôôåðåíöèðîâàíèåì èçîá-
ðàæåíèÿ (ñì. ôîðìóëó (4.15)) ïîëó÷àåì

tn eαt =.
·

n!

(p− α)n+1 , Re p > Re α.

Èñïîëüçóÿ òåîðåìó 9, ìîæíî ïîëó÷èòü ôîðìóëû ïðåîáðàçîâàíèÿ áîëü-
øîãî ÷èñëà ôóíêöèé, ÿâëÿþùèõñÿ ðåøåíèÿìè ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ t ≥ 0. Ïðèâëå÷åíèå ôîðìóëû (4.15)
ïîçâîëÿåò ðàññìîòðåòü ÷àñòíûå ðåøåíèÿ ñ êîýôôèöèåíòàìè âèäà akt

k

ïðè k = 1, 2, . . .. Áîëüøèå çíà÷åíèÿ k äåëàþò ïðàêòè÷åñêè íåâîçìîæíûì
íàéòè îáðàç F (p), êàê ðåøåíèå óðàâíåíèÿ âûñîêîé ñòåïåíè ñ ïåðåìåííû-
ìè êîýôôèöèåíòàìè. Ðàññìîòðèì

Ïðèìåð 26 Íàéòè ïðåîáðàçîâàíèå áåññåëåâîé ôóíêöèè J0(t). ×åðåç J0(t)

îáîçíà÷àåòñÿ îãðàíè÷åííîå â íóëå ðåøåíèå óðàâíåíèÿ

ty′′ + y′ + ty = 0, (4.16)

óäîâëåòâîðÿþùåå óñëîâèÿì y(0) = 1, y′(0) = 0.

Ðåøåíèå. Ñ÷èòàÿ t ≥ 0, ïðåîáðàçóåì ôóíêöèè, âõîäÿùèå â ëåâóþ ÷àñòü
(4.16) ñ ó÷åòîì ñîîòíîøåíèé (4.10), (4.11) è (4.14). Ââåäåì îáîçíà÷åíèå
y(t) =.

· Y (p), òîãäà

′(t) =.
· pY (p)− 1; y′′(t) =.

· p2Y (p)− p;

t(t) =.
· −Y ′(p); ty′′(t) =.

· −(p2Y (p)− p)′.

Òåïåðü óðàâíåíèå (4.16) ïðåîáðàçóåòñÿ ê âèäó

−p2Y ′(p)− 2pY (p) + 1 + pY (p)− 1− Y ′(p) = 0.

(p2 + 1)Y ′(p) + pY (p) = 0.

Îòêóäà Y (p) = C√
p2+1

.
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Äëÿ îïðåäåëåíèÿ ïîñòîÿííîé C âîñïîëüçóåìñÿ òåîðåìîé õõõ, ïðèìå-
íÿÿ íåîáõîäèìîå óñëîâèå èçîáðàæåíèÿ ïðîèçâîäíîé y′(t). Òàê êàê y′(t) =.

·
pY (p)− y(0), òî lim

x→∞
xY (x) = y(0) = 1; x = Re p.

Òåïåðü ÿñíî, ÷òî C = 1, à çíà÷èò

J0(t) =.
·

1√
p2 + 1

; Re p > 0.

4.8 Èíòåãðèðîâàíèå èçîáðàæåíèÿ

Òåîðåìà 12 Åñëè f(t) =.
· F (p), Re p > γ0 è èíòåãðàë

∞∫
p

F (q)dq ñõîäèò-
ñÿ, òî

∞∫

p

F (q)dq =.
·

f(t)

t
. (4.17)

Ïðèìåð 27 Íàéòè èçîáðàæåíèÿ ôóíêöèé f(t) = sin t
t .

Ðåøåíèå. Íà îñíîâàíèè îïåðàòîðíîãî ðàâåíñòâà sin t =.
·

1
p2+1 è ïðàâèëà

èíòåãðèðîâàíèÿ èçîáðàæåíèÿ, íàõîäèì

sin t

t
=.
·

+∞∫

p

dq

1 + q2 = arctan q|+∞p =
π

2
− arctg p = arcctg p,

sin t

t
=.
· arcctg p. (4.18)

Ïðèìåð 28 Íàéòè èçîáðàæåíèÿ èíòåãðàëüíîãî ñèíóñà Si(t) =
t∫

0

sin τ
τ dτ .

Ðåøåíèå. Âîñïîëüçóåìñÿ ðåçóëüòàòîì ïðåäûäóùåãî ïðèìåðà, ôîðìóëîé
(4.18), è òåîðåìîé 10, òîãäà

Si(t) =.
·

arcctg p

p
.
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4.9 Ñâåðòêà è åå èçîáðàæåíèå

Ñâåðòêîé äâóõ ôóíêöèé-îðèãèíàëîâ f(t) è g(t), îáîçíà÷àåìîé (f ∗ g)(t),
íàçîâåì èíòåãðàë âèäà

(f ∗ g)(t) =

t∫

0

f(τ)g(t− τ)dτ. (4.19)

Íåòðóäíî ïîêàçàòü, ÷òî ϕ(t) = (f∗g)(t) ÿâëÿåòñÿ îðèãèíàëîì. Î÷åâèä-
íî, ϕ êóñî÷íî íåïðåðûâíà íà âñåé îñè è ðàâíà íóëþ äëÿ t < 0. Îïðåäåëèì
ïîêàçàòåëü ðîñòà ϕ(t). Ïóñòü

|f(t)| ≤ M1 eat, |g(t)| ≤ M2 ebt, a, b ≥ 0, t > 0,

òîãäà

|ϕ(t)| ≤
t∫

0

|f(τ)| · |g(t− τ)|dτ ≤ M1M2

t∫

0

eaτ eb(t−τ) dτ =

= M1M2 ebt

t∫

0

eτ(a−b) dτ = M1M2
eat− ebt

a− b
≤ 2

M1M2

|a− b| e
ct,

ãäå c = max{a; b}.
Ñâåðòêà ôóíêöèé îáëàäàåò ñâîéñòâàìè êîììóòàòèâíîñòè, f ∗g = g∗f ,

è àññîöèàòèâíîñòè, (f ∗ g) ∗ h = f ∗ (g ∗ h).
Ñïðàâåäëèâà ñëåäóþùèÿ

Òåîðåìà 13 Åñëè f(t) =.
· F (p), g(t) =.

· G(p), òî

f ∗ g =.
· F (p) ·G(p), Re p > c, (4.20)

ãäå c � ìàêñèìóì ïîêàçàòåëåé ðîñòà f(t) è g(t).

Äîêàçàòåëüñòâî. Â èçîáðàæåíèè f ∗ g ïîìåíÿåì ñíà÷àëà ïîðÿäîê èí-
òåãðèðîâàíèÿ

f ∗ g =.
·

∞∫

0

e−pt




t∫

0

f(τ)g(t− τ)dτ


 dt =

∞∫

0

f(τ)




∞∫

τ

e−pt g(t− τ)dt


 dτ,
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à çàòåì âî âíóòðåííåì èíòåãðàëå ñäåëàåì çàìåíó t = s + τ , s = t− τ ,

f∗g =.
·

∞∫

0

f(τ)




∞∫

0

e−p(s+τ) g(s)ds


 dτ =

∞∫

0

f(τ) e−pτ dτ ·
∞∫

0

g(s) e−ps ds = F ·G.

Âîçìîæíîñòü èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâàíèÿ ïðè Re p > c ìîæ-
íî îáîñíîâàòü, èñïîëüçóÿ àáñîëþòíóþ è ðàâíîìåðíóþ ñõîäèìîñòü íåñîá-
ñòâåííîãî èíòåãðàëà îò ñâåðòêè.

Òåîðåìó 13 íàçûâàþò òåîðåìîé ñâåðòûâàíèÿ, òåîðåìîé óìíîæåíèÿ
èëè òåîðåìîé Áîðåëÿ. Îïåðàöèþ ïîëó÷åíèÿ ñâåðòêè íàçûâàþò ñâåðòû-
âàíåèåì ôóíêöèé.

Ïîëüçóÿñü ïðàâèëîì äèôôåðåíöèðîâàíèÿ îðèãèíàëà, ïîëó÷àåì ñëå-
äóþùóþ çàïèñü òåîðåìû óìíîæåíèÿ:

pF (p)G(p) =.
·

d

dt

t∫

0

f(τ)g(t− τ)dτ. (4.21)

Èíòåãðàë â ïðàâîé ÷àñòè ýòîé ôîðìóëû íàçûâàþò èíòåãðàëîì Äþ-
àìåëÿ. Åñëè âûïîëíèòü äèôôåðåíöèðîâàíèå â èíòåãðàëå Äþàìåëÿ, òî
òåîðåìà ñâåðòûâàíèÿ ïðèìåò âèä

pF (p)G(p) =.
· f(t)g(0) +

t∫

0

f(τ)g′(t− τ)dτ

èëè, ó÷èòûâàÿ ñâîéñòâî êîììóòàòèâíîñòè,

pF (p)G(p) =.
· g(t)f(0) +

t∫

0

g(τ)f ′(t− τ)dτ.

Ïîñëåäíèå äâå çàïèñè òåîðåìû óìíîæåíèÿ ìîæíî âèäîèçìåíèòü, åñëè
ó÷åñòü, ÷òî

t∫

0

f(τ)g′(t− τ)dτ =

t∫

0

g′(τ)f(t− τ)dτ,
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t∫

0

g(τ)f ′(t− τ)dτ =

t∫

0

f ′(τ)g(t− τ)dτ.

Ôîðìóëà (??) ïðèìåíÿåòñÿ ïðè ðåøåíèè èíòåãðàëüíûõ óðàâíåíèé òè-
ïà ñâåðòêè, è íåðåäêî ïðè íàõîæäåíèè îðèãèíàëà ïî åãî îáðàçó.

Ïðèìåð 29 Íàéòè ñâåðòêó îðèãèíàëîâ f(t) = t, g(t) = cos(t) è èçîá-
ðàæåíèå ñâåðòêè.

Ðåøåíèå.Ïî îïðåäåëåíèþ ñâåðòêè

t ∗ cos t =

t∫

0

(t− τ) cos τdτ =

t∫

0

(t− τ)d(sin τ) =

= (t− τ) sin τ |t0 +

t∫

0

sin τdτ = − cos τ |t0 = 1− cos t.

Íàéäåì èçîáðàæåíèå ñâåðòêè, ïîëüçóÿñü òåîðåìîé óìíîæåíèÿ. Èçîáðà-
æåíèÿ çàäàííûõ îðèãèíàëîâ òàêîâû:

t =.
·

1

p2 , cos t =.
·

p

p2 + 1
,

ïîýòîìó
1− cos t =.

·
1

p2 ·
p

p2 + 1
=

1

p(p2 + 1)
.

Òîò æå ðåçóëüòàò ïîëó÷àåì, ïîëüçóÿñü ñâîéñòâîì ëèíåéíîñòè,

1− cos t =.
·

1

p
− p

p2 + 1
=

1

p(p2 + 1)
.

Ïðèìåð 30 Íàéòè ñâåðòêó îðèãèíàëîâ f(t) = t, g(t) = et è èçîáðàæå-
íèå ñâåðòêè.

Ðåøåíèå.Ïî îïðåäåëåíèþ ñâåðòêè

t ∗ et =

t∫

0

(t− τ) eτ dτ =

t∫

0

(t− τ)d(eτ) =

= (t− τ) eτ |t0 +

t∫

0

eτ dτ = 0− t + eτ |t0 = et−t− 1.
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Íàéäåì èçîáðàæåíèå ñâåðòêè, ïîëüçóÿñü òåîðåìîé óìíîæåíèÿ. Èçîáðà-
æåíèÿ çàäàííûõ îðèãèíàëîâ òàêîâû:

t =.
·

1

p2 , et =.
·

1

p− 1
,

ïîýòîìó
et−t− 1 =.

·
1

p2 ·
1

p− 1
=

1

p2(p− 1)
.

Òîò æå ðåçóëüòàò ïîëó÷àåì, ïîëüçóÿñü ñâîéñòâîì ëèíåéíîñòè,

et−t− 1 =.
·

1

p− 1
− 1

p2 −
1

p
=

1

p2(p− 1)
.

4.10 Òåîðåìà îá èçîáðàæåíèè ïåðèîäè÷åñêîãî îðèãèíàëà

Òåîðåìà 14 Åñëè f(t) � îðèãèíàë ñ ïåðèîäîì ω > 0, òî åãî èçîáðàæå-
íèå âûðàæàåòñÿ ôîðìóëîé

F (p) =
ϕ(p)

1− e−ωp
, (4.22)

ãäå

ϕ(p) =

ω∫

0

e−pt f(t)dt. (4.23)

Ïðèìåð 31 Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = | sin t|.

Ðåøåíèå. Ïîñêîëüêó | sin t| � ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì ω = π,
òî èçîáðàæåíèå F (p) = ϕ(p)

1−e−πp , ãäå

ϕ(p) =

π∫

0

e−pt | sin t|dt =

π∫

0

e−pt sin tdt.

Äâàæäû ïðîèíòåãðèðîâàâ ïî ÷àñòÿì, ïîëó÷èì

ϕ(p) = − e−pt cos t + p sin t

p2 + 1

∣∣∣∣
π

0
=

e−πp +1

p2 + 1
.

Ñëåäîâàòåëüíî,
F (p) =

1

p2 + 1
· e−πp +1

1− e−πp
.
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Ïðèìåð 32 Íàéòè èçîáðàæåíèå ïåðèîäè÷åñêîãî îðèãèíàëà f(t) ñ ïåðè-
îäîì ω = 2π, êîòîðûé ðàâåí sin t ïðè 0 < t < π è íóëþ ïðè π < t < 2π.

Ðåøåíèå. Îðèãèíàë äëÿ t > 0 ìîæíî çàïèñàòü òàê: f(t) = sin t ·η(sin t).
Èñêîìîå èçîáðàæåíèå èìååò âèä F (p) = ϕ(p)

1−e−2πp , ãäå

ϕ(p) =

2π∫

0

e−pt sin t · η(sin t)dt =

π∫

0

e−pt sin tdt =
e−πp +1

p2 + 1
.

Èòàê,
F (p) =

1

p2 + 1
· e−πp +1

1− e−2πp
=

1

(p2 + 1)(1− e−πp)
.

Çàäà÷è
Â çàäà÷àõ 1-6, èñïîëüçóÿ ñâîéñòâî ëèíåéíîñòè ïðåîáðàçîâàíèÿ Ëàïëà-

ñà, íàéäèòå èçîáðàæåíèÿ F (p) ñîîòâåòñòâóþùèõ îðèãèíàëîâ f(t).

1. f(t) = sh 2t + 5 e3t +1. 2. f(t) = e−t +2 e−3t +t3.

3. f(t) = sin 6t sin 4t. 4. f(t) = cos 2t cos 3t.

5. f(t) = cos 5t sin 3t. 6. f(t) = sin2 t.

Â çàäà÷àõ 7-10, ïðèìåíÿÿ ïðàâèëî äèôôåðåíöèðîâàíèÿ, íàéäèòå èçîá-
ðàæåíèÿ F (p) îðèãèíàëîâ f(t).

7. f(t) = t sh ωt. 8. f(t) = t ch ωt.

9. f(t) = t2 e3t . 10. f(t) = t3 e2t .

Â çàäà÷àõ 11-14, èñïîëüçóÿ ïðàâèëî èíòåãðèðîâàíèÿ èçîáðàæåíèÿ,
íàéäèòå èçîáðàæåíèÿ F (p) îðèãèíàëîâ f(t).

11. f(t) = et−1
t . 12. f(t) = cos t−1

t .

13. f(t) = eαt− eβt

t . 14. f(t) = sh t
t .
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Â çàäà÷àõ 15-18 ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ îðèãèíàëà, íàéòè
èçîáðàæåíèÿ ñëåäóþùèõ ôóíêöèé.

15. f(t) = e−at cos t. 16. f(t) = e−at sin t.

17. f(t) = e−at ch λt. 18. f(t) = e−at sh λt.

Â çàäà÷àõ 19-22 ñ ïîìîùüþ ïðàâèëà èíòåãðèðîâàíèÿ îðèãèíàëà íàé-
äèòå èçîáðàæåíèÿ ñëåäóþùèõ ôóíêöèé.

19. f(t) =
t∫

0
(u− cos u)du. 20. f(t) =

t∫
0

sin u
u du.

21. f(t) =
t∫

0
(sin u + u2)du. 22. f(t) =

t∫
0

e−u u3du.

Â çàäà÷àõ 23-30 íàéäèòå èçîáðàæåíèÿ F (p) ñëåäóþùèõ ôóíêöèé

23. f(t) = ch 3t + 3 e(−2t) +1. 24. f(t) = cos2 t.

25. f(t) = t sin3 t. 26. f(t) = t et .

27. f(t) = t2 cos t. 28. f(t) = t(et + ch t).

29. f(t) =
t∫

0
sin τdτ. 30. f(t) =

t∫
0

ch ωτdτ.

31. Ïðèìåíÿÿ òåîðåìó ïîäîáèÿ, íàéäèòå èçîáðàæåíèå cos βt, çíàÿ èçîá-
ðàæåíèå cos t.

32. Èñïîëüçóÿ òåîðåìó çàïàçäûâàíèÿ, íàéäèòå èçîáðàæåíèå îðèãèíà-
ëà

f(t) =

{
0 ïðè t < a,

1 ïðè t ≥ a.

Â çàäà÷àõ 33-34 ñ ïîìîùüþ òåîðåìû ñìåùåíèÿ íàéäèòå èçîáðàæåíèÿ
ôóíêöèé

33. f(t) = eat sh βt. 34. f(t) = eat ch βt.

Â çàäà÷àõ 35-39 íàéäèòå ñâåðòêè ôóíêöèé f1(t), f2(t) è èçîáðàæåíèÿ
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ñâåðòîê

35. f1(t) = η(t), f2(t) = sin t. 36. f1(t) = t, f2(t) = sin t.

37. f1(t) = et, f2(t) = e−t . 38. f1(t) = cos t, f2(t) = cos t.

39. f1(t) = cos t, f2(t) = sin t.

Â çàäà÷àõ 40-43, ïðèìåíèâ òåîðåìó óìíîæåíèÿ èçîáðàæåíèé, íàéäèòå
îðèãèíàëû f(t) ïî èõ èçîáðàæåíèÿì F (p).

40. F (p) =
1

p2 − 1
. 41. F (p) =

1

p(p2 + 1)
.

42. F (p) =
1

p2(p2 + 1)
. 43. F (p) =

1

p3(p− 1)
.

Â çàäà÷àõ 44-47, ïðèìåíèâ ôîðìóëó Äþàìåëÿ, íàéäèòå îðèãèíàëû
f(t) ïî èõ èçîáðàæåíèÿì F (p).

40. F (p) =
p2

(p2 + 4)(p2 + 9)
. 41. F (p) =

p3

(p2 − 1)(p2 + 1)
.

42. F (p) =
p2

(p− 1)(p2 + 1)
. 43. F (p) =

1

p3(p2 + 1)
.

Âîïðîñû

1. Ñôîðìóëèðóéòå ñâîéñòâî ëèíåéíîñòè.

2. Ïî êàêèì ôîðìóëàì îñóùåñòâëÿåòñÿ äèôôåðåíöèðîâàíèå îðèãèíà-
ëà?

3. Êàêîé âèä ïðèíèìàþò ôîðìóëû äèôôåðåíöèðîâàíèÿ îðèãèíàëà â
ñëó÷àå, êîãäà ôóíêöèÿ è åå ïðîèçâîäíûå äî (n−1)-ãî ïîðÿäêà ðàâíû
íóëþ?

4. Êàê îñóùåñòâëÿåòñÿ èíòåãðèðîâàíèå îðèãèíàëà?

5. Ïî êàêîé ôîðìóëå îñóùåñòâëÿåòñÿ äèôôåðåíöèðîâàíèå èçîáðàæå-
íèÿ?

6. Êàê îñóùåñòâëÿåòñÿ èíòåãðèðîâàíèå èçîáðàæåíèÿ?
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7. Êàêîé âèä èìåþò ïðåäåëüíûå ñîîòíîøåíèÿ?

8. Çàïèøèòå èçîáðàæåíèÿ äëÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé sin αt,
cos αt.

9. Êàêîé âèä èìåþò èçîáðàæåíèÿ äëÿ ãèïåðáîëè÷åñêèõ ôóíêöèé sh αt,
ch αt?

10. Êàêîé âèä èìååò èçîáðàæåíèå äëÿ ôóíêöèè f(t) = tn eαt, ãäå n �
íàòóðàëüíîå ÷èñëî?

11. Êàêîé âèä èìååò èçîáðàæåíèå äëÿ ôóíêöèè f(t) = sin t
t ?

12. ×åìó ðàâíî çíà÷åíèå èíòåãðàëà
+∞∫
0

sin t
t dt?

13. Âûïîëíÿþòñÿ ëè ïðåäåëüíûå ñîîòíîøåíèÿ äëÿ ôóíêöèé η(t), eαt,
ãäå α � âåùåñòâåííîå ÷èñëî?

14. Êàê ôîðìóëèðóåòñÿ òåîðåìà ïîäîáèÿ?

15. Êàêîé âèä èìååò ôîðìóëà, îòîáðàæàþùàÿ òåîðåìó ïîäîáèÿ?

16. Êàê ôîðìóëèðóåòñÿ òåîðåìà ñìåùåíèÿ?

17. Êàêîé âèä èìååò ôîðìóëà, îòîáðàæàþùàÿ òåîðåìó ñìåùåíèÿ?

18. Êàê ôîðìóëèðóåòñÿ òåîðåìà çàïàçäûâàíèÿ?

19. Êàêîé âèä èìååò ôîðìóëà, îòîáðàæàþùàÿ òåîðåìó çàïàçäûâàíèÿ?

20. Êàê ôîðìóëèðóåòñÿ òåîðåìà óìíîæåíèÿ?

21. Êàêîé âèä èìååò ôîðìóëà, îòîáðàæàþùàÿ òåîðåìó óìíîæåíèÿ?

22. ×òî íàçûâàþò ñâåðòêîé ôóíêöèé f1(t) è f2(t)?

23. Êàóþ ôîðìóëèðîâêó ìîæíî ïðèäàòü òåîðåìå óìíîæåíèÿ, èñïîëüçóÿ
ïîíÿòèå ñâåðòûâàíèÿ ôóíêöèé?

33



24. ×òî íàçûâàþò èíòåãðàëîì Äþàìåëÿ?

25. Êàêîâî ñîäåðæàíèå òåîðåìû îá èçîáðàæåíèè ïåðèîäè÷åñêîãî îðè-
ãèíàëà?

26. Êàê ôîðìóëèðóåòñÿ òåîðåìà ðàçëîæåíèÿ?

5 Ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè äâóõ ïåðåìåí-
íûõ

Ïóñòü f(x, t) ôóíêöèÿ äâóõ ïåðåìåííûõ, îïðåäåëåííàÿ äëÿ x > 0 è t > 0,
è ïðè ëþáîì ôèêñèðîâàííîì x ïî t óäîâëåòâîðÿåò óñëîâèÿì ôóíêöèè-
îðèãèíàëà, òîãäà ïðåîáðàçîâàíèå Ëàïëàñà F (x, p) ôóíêöèè f(x, t) ïî ïå-
ðåìåííîé t îïðåäåëÿåòñÿ ðàâåíñòâîì

F (x, p) =

∞∫

0

e−pt f(x, t)dt.

Îïðåäåëåííîå òàê ïðåîáðàçîâàíèå Ëàïëàñà îáëàäàåò ñâîéñòâàìè ïðåîá-
ðàçîâàíèÿ îäíîãî ïåðåìåííîãî, íàïðèìåð, åñëè ïðîèçâîäíûå ∂f

∂t ,
∂2f
∂t2 , óäî-

âëåòâîðÿþò òðåáîâàíèÿì ê îðèãèíàëàì, òî èìåþò ìåñòî ñîîòíîøåíèÿ
∂f

∂t
=.
· pF (x, p)− f(x, 0),

∂2f

∂t2
=.
· p2F (x, p)− pf(x, 0)− ∂f

∂t
(x, 0).

Àíàëîãè÷íî äëÿ ïðîèçâîäíûõ áîëåå âûñîêîãî ïîðÿäêà.
Íàéäåì, ïîëüçóÿñü îïðåäåëåíèåì, ïðåîáðàçîâàíèå Ëàïëàñà (ïî t) ïðî-

èçâîäíûõ ∂f
∂x ,

∂2f
∂x2 è ò.ä.

∂f(x, t)

∂x
=.
·

∞∫

0

e−pt ∂f(x, t)

∂x
dt,
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íî ýòîò èíòåãðàë åñòü ïðîèçâîäíàÿ ïî x ôóíêöèè F (x, p) (ïðåäïîëàãàåò-
ñÿ, ÷òî îïåðàöèÿ äèôôåðåíöèðîâàíèÿ ïîä çíàêîì èíòåãðàëà äîïóñòèìà).
Ñëåäîâàòåëüíî,

∂f(x, t)

∂x
=.
·

∂F (x, p)

∂x
.

Àíàëîãè÷íî, ∂2f(x,t)
∂x2 =.

·
∂2F (x,p)

∂x2 è ò.ä.

6 Îïðåäåëåíèå îðèãèíàëà ïî èçâåñòíîìó èçîáðàæå-
íèþ

Âî ìíîãèõ çàäà÷àõ, ðåøàåìûõ îïåðàöèîííûì ìåòîäîì, âîçíèêàåò ïðî-
áëåìà íàõîæäåíèÿ ôóíêöèè-îðèãèíàëà ïî èçâåñòíîé ôóíêöèè-èçîáðàæåíèþ.
Äëÿ ýòîãî ïðèìåíÿþò ñëåäóþùèå ïðèåìû.

1. Ïðèìåíåíèå îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà.
2. Ïðèìåíåíèå â îáðàòíîì ïîðÿäêå îñíîâíûõ ôîðìóë ïðåîáðàçîâàíèÿ.
3. Åñëè ôóíêöèÿ-èçîáðàæåíèå F (p) = Q(p)

R(p) � ïðàâèëüíàÿ ðàöèîíàëü-
íàÿ äðîáü, òî èñïîëüçóþò ïðèåìû ðàçëîæåíèÿ ôóíêöèè íà ïðîñòåéøèå
è ôîðìóëó ïðåîáðàçîâàíèÿ ñâåðòêè.

Ïðîäåìîíñòðèðóåì ïåðâûé è òðåòèé ñïîñîáû íà ïðèìåðàõ.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïî ïðÿìîé â êîìïëåêñíîé ïëîñêîñòè ïðè

íàõîæäåíèè îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà âîñïîëüçóåìñÿ âòîðîé
òåîðåìîé ðàçëîæåíèÿ, êîòîðàÿ óòâåðæäàåò, ÷òî ïðè îïðåäåëåííûõ óñëî-
âèÿõ, íàëîæåííûõ íà F (p), îðèãèíàëîì äëÿ F (p) ñëóæèò ôóíêöèÿ

f(p) =
∑
pk

res
pk

[
F (p) ept

]
, (6.1)

ãäå ñóììà áåðåòñÿ ïî âñåì îñîáûì òî÷êàì pk ôóíêöèè F (p).
Â ÷àñòíîñòè, åñëè F (p) = Q(p)

R(p) � ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü, òî
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îðèãèíàëîì åå ñëóæèò ôóíêöèÿ

f(t) =
n∑

k=1

1

(rk − 1)!
lim
p→pk

drk−1

dprk−1

{
F (p) ept(p− pk)

rk
}

, (6.2)

ãäå pk � ïîëþñû F (p) êðàòíîñòè rk è ñóììà áåðåòñÿ ïî âñåì ïîëþñàì
F (p) (pk � êîðíè ôóíêöèè R(p)).

Åñëè âñå ïîëþñû pk ôóíêöèè F (p) ïðîñòûå, òî ôîðìóëà (6.2) óïðî-
ùàåòñÿ è ïðèíèìàåò âèä

f(t) =
n∑

k=1

Q(pk)

R′(pk)
epkt . (6.3)

Ïðèìåð 33 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
p2 + p + 1

(p− 1)(p + 1)2 .

Ðåøåíèå. Çäåñü êîðíè çíàìåíàòåëÿ R(p) = (p−1)(p+1)2 è èõ êðàòíîñòè
òàêîâû: p1 = 1, r1 = 1; p2 = −1, r2 = 2. Äëÿ ôóíêöèè F (p) p1 = 1

� ïîëþñ ïåðâîãî ïîðÿäêà, p2 = −1 � ïîëþñ âòîðîãî ïîðÿäêà. Ôîðìóëà
(6.1) â äàííîì ñëó÷àå ïðèíèìàåò âèä

f(t) = res
1

F (p) ept + res−1
F (p) ept,

Òàê êàê

res
1

F (p) ept = lim
p→1

[
p2 + p + 1

(p + 1)2
ept

]
=

3

4
et,

res−1
F (p) ept = lim

p→−1

d

dp

(
p2 + p + 1

p− 1
ept

)
=

= lim
p→−1

[
(2p + 1)(p− 1)− (p2 + p + 1)

(p− 1)2
ept +

p2 + p + 1

p− 1
t ept

]
=

= lim
p→−1

[
p2 − 2p− 2

(p− 1)2
ept +

p2 + p + 1

p− 1
t ept

]
=

1

4
e−t−1

2
t e−t,

òî
f(t) =

3

4
et +

1

4
e−t−1

2
t e−t .
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Ïðèìåð 34 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
p

(p2 − 1)2 .

Ðåøåíèå. Ôóíêöèÿ F (p) èìååò ïîëþñû p1 = 1 è p2 = −1, êàæäûé
âòîðîãî ïîðÿäêà, ò.å. r1 = 2, r2 = 2. Âîñïîëüçóåìñÿ ôîðìóëîé (6.2), äëÿ
÷åãîñíà÷àëà îïðåäåëèì âûðàæåíèå â ôèãóðíûõ ñêîáêàõ:

F (p) ept(p− p1)
r1 = F (p) ept(p− 1)2 =

p

(p2 − 1)2
ept(p− 1)2 =

p ept

(p + 1)2 ,

F (p) ept(p− p2)
r2 = F (p) ept(p + 1)2 =

p

(p2 − 1)2
ept(p + 1)2 =

p ept

(p− 1)2 .

Ôîðìóëà (6.2) ïðèíèìàåò âèä

f(t) = lim
p→1

[
p ept

(p + 1)2

]′

p

+ lim
p→−1

[
p ept

(p− 1)2

]′

p

.

Ïîñêîëüêó

lim
p→1

[
p ept

(p + 1)2

]′

p

= lim
p→1

[
(ept +pt ept)(p + 1)2 − 2(p + 1)p ept

(p + 1)4

]
=

=
(et +t et)22 − 2 · 2 · 1 et

24 =
4t et

16
=

1

4
t et,

lim
p→−1

[
p ept

(p− 1)2

]′

p

= lim
p→−1

[
(ept +pt ept)(p− 1)2 − 2(p− 1)p ept

(p− 1)4

]
=

=
(e−t−t e−t)(−2)2 − 2 · (−2) · (−1) e−t

24 =

=
−4t e−t

16
= −1

4
t e−t,

òî
f(t) =

1

4
t et−1

4
t e−t =

1

2
t

(
et− e−t

2

)
=

1

2
t sh t.

Ïðèìåð 35 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
p + 1

(p− 1)(p + 2)(p− 3)
.
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Ðåøåíèå. Âñå êîðíè çíàìåíàòåëÿ ÿâëÿþòñÿ ïðîñòûìè: p1 = 1, r1 =

1; p2 = −2, r2 = 1; p3 = 3, r3 = 1. Äëÿ íàõîæäåíèÿ îðèãèíàëà f(t)

âîñïîëüçóåìÿ ôîðìóëîé (6.3). Â äàííîì ñëó÷àå Q(p) = p + 1, R(p) =

(p−1)(p+2)(p−3) = p3−2p2−5p+6, R′(p) = 3p2−4p−5. Â ñîîòâåòñòâèè
ñ ôîðìóëîé (6.3) íàõîäèì îðèãèíàë

f(t) = −1

3
et− 1

15
e−2t +

2

5
e3t .

Ïðåæäå ÷åì ïåðåõîäèòü ê ðàññìîòðåíèþ òðåòüåãî ñïîñîáà ïîëó÷åíèÿ
ôóíêöèè-îðèãèíàëà, ðàññìîòðèì ïðèìåíåíèå òåîðåìû ñâåðòûâàíèÿ.

Ïðèìåð 36 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
A

(p2 + ω2)2 .

Ðåøåíèå.Ïðåîáðàçóåì F (p) òàê, ÷òîáû èñïîëüçîâàòü èçîáðàæåíèå ôóíê-
öèè ϕ(t) = sin ωt.

A

(p2 + ω2)2 =
A

ω2 ·
ω

p2 + ω2 ·
ω

p2 + ω2 =.
·

=.
·

A

ω2

t∫

0

sin ωτ · sin ω(t− τ)dτ.

Âû÷èñëÿÿ èíòåãðàë ñïðàâà, ïîëó÷àåì

A

(p2 + ω2)2 =.
·

A

2ω2

(
sin ωt

ω
− t cos ωt

)
.

Ðàññìîòðèì òåïåðü ïðèìåðû, êîãäà F (p) � ðàöèîíàëüíàÿ ôóíêöèÿ áî-
ëåå ñëîæíîãî âèäà. Â ýòîì ñëó÷àå åå ïðåäâàðèòåëüíî ðàçëàãàþò íà ïðî-
ñòåéøèå äðîáè ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ, êàê ýòî äåëàþò
â òåîðèè èíòåãðèðîâàíèÿ. Ïîÿñíèì äàííûé ïðèåì âíà÷àëå õàðàêòåðíû-
ìè ïðèìåðàìè.

Ïðèìåð 37 Ñëàãàåìîå âèäà A
p−α èìååò îðèãèíàë f(t) = A eαt.
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Ïðèìåð 38 Ñëàãàåìîå âèäà A
(p−α)n =.

·
A

(n−1)! e
αt ·tn−1, n = 2, 3, . . ..

Ïðèìåð 39 Íàéäåì îðèãèíàë ôóíêöèè Mp+N
p2+2λp+µ, λ2 − µ < 0.

Ðåøåíèå. Ïîëàãàÿ µ− λ2 = ω2, ïðåîáðàçóåì äðîáü ê âèäó
Mp + N

p2 + 2λp + µ
=

M(p + λ) + N − λM

(p + λ)2 + ω2 =

= M
p + λ

(p + λ)2 + ω2 +
N − λM

ω

ω

(p + λ)2 + ω2 .

Òåïåðü
Mp + N

p2 + 2λp + µ
=.
· M e−λt cos ωt +

N − λM

ω
· e−λt sin ωt.

Ïðèìåð 40 Íàéäåì îðèãèíàë ôóíêöèè Mp+N
(p2+2λp+µ)2 , λ2 − µ < 0.

Ðåøåíèå. Àíàëîãè÷íî, ïîëàãàÿ µ− λ2 = ω2, ïðåîáðàçóåì äðîáü ê âèäó
Mp + N

(p2 + 2λp + µ)2 =
M(p + λ) + N − λM

[(p + λ)2 + ω2]2
=

=
M

ω

(p + λ)ω

[(p + λ)2 + ω2]2
+

N − λM

ω2 · ω2

[(p + λ)2 + ω2]2
.

Èñïîëüçóÿ òåïåðü ôîðìóëû èçîáðàæåíèÿ sin ωt, cos ωt, òåîðåìû î ñìå-
ùåíèè è ñâåðòêå, ïîëó÷àåì

Mp + N

(p2 + 2λp + µ)2 =.
·

M

ω

(
e−λt cos ωt

) ∗ (
e−λt sin ωt

)
+

+
N − λM

ω2

(
e−λt sin ωt

) ∗ (
e−λt sin ωt

)
.

Åñëè Q(p) èìååò êîìïëåêñíûå íóëè áîëåå âûñîêèõ ïîðÿäêîâ, òî ìîæíî
ïðèìåíèòü ìíîãîêðàòíûå ñâåðòêè.

Ïðèìåð 41
p + 1

(p2 + 1)3 =.
· cos t ∗ sin t ∗ sin t + sin t ∗ sin t ∗ sin t.

Ïðèìåð 42 Íàéòè îðèãèíàë f(t), åñëè F (p) = p+3
p4−1.
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Ðåøåíèå. Èìååì
p + 3

p4 − 1
=

A

p− 1
+

B

p + 1
+

Cp + D

p2 + 1
=

1

p− 1
− 1

2
· 1

p + 1
− 1

2
· p + 3

p2 + 1
=.
·

=.
· et−1

2
e−t−1

2
(cos t + 3 sin t).

Ïðèìåð 43 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
1

p(p− 1)(p2 + 4)
.

Ðåøåíèå. Ðàçëàãàåì F (p) íà ñóììó ïðîñòåéøèõ äðîáåé
1

p(p− 1)(p2 + 4)
=

A

p
+

B

p− 1
+

Cp + D

p2 + 4
=

= −1

4
· 1

p
+

1

5
· 1

p− 1
+

1

20
· p− 4

p2 + 4
=.
·

=.
· −1

4
+

1

5
et +

1

20
(cos 2t− 2 sin 2t).

Ïðèìåð 44 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
1

(p− 2)2(p2 + 1)
.

Ðåøåíèå. Ðàçëîæåíèå F (p) íà ñóììó ïðîñòåéøèõ äðîáåé èìååò âèä
1

(p− 2)2(p2 + 1)
=

A

p− 2
+

B

(p− 2)2 +
Cp + D

p2 + 1
=

= − 4

25
· 1

p− 2
+

1

5
· 1

(p− 2)2 +
1

25
· 4p + 3

p2 + 1
=.
·

=.
· − 4

25
e2t +

1

5
t e2t +

1

25
(4 cos t + 3 sin t).

Ïðèìåð 45 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
p2 − 2p + 3

p(p2 + 2)
.

Ðåøåíèå. Ðàçëàãàåì F (p) íà ñóììó ïðîñòåéøèõ äðîáåé
p2 − 2p + 3

p(p2 + 2)
=

A

p
+

Bp + C

p2 + 2
=

3

2
· 1

p
− 1

2
· p

p2 + 2
− 2 · 1

p2 + 2
=.
·

=.
·

3

2
− 1

2
cos

√
2t−

√
2 sin

√
2t.
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Ïðèìåð 46 Íàéòè îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ

F (p) =
e−p

p + 1
.

Ðåøåíèå. Íàëè÷èå ìíîæèòåëÿ e−p óêàçûâàåò íà íåîáõîäèìîñòü ïðèìå-
íåíèÿ òåîðåìû çàïàçäûâàíèÿ.

e−p

p + 1
=.
· e−(t−1) η(t− 1).

Ïðèìåð 47 Íàéòè îðèãèíàë f1(t) ïî åãî èçîáðàæåíèþ

F1(p) =
1

p2 + 6p + 10
.

Ðåøåíèå. Ïîñêîëüêó p2 + 6p + 10 = (p2 + 6p + 9) + 1 = (p + 3)2 + 1, òî
óñëîâèå ìîæíî ïðåäñòàâèòü â âèäå

F1(p) = F (p− (−3)) = F (p + 3) =
1

(p + 3)2 + 1

è âîñïîëüçîâàòüñÿ òåîðåìîé ñìåùåíèÿ. Òîãäà ïîëó÷àåì

F1(p) = F (p− (−3)) =.
· e−3t f(t), f(t) =.

· F (p) =
1

p2 + 1
.

Òàê êàê
1

p2 + 1
=.
· sin t,

òî îðèãèíàëîì äëÿ F1(p) ÿâëÿåòñÿ ôóíêöèÿ

f1(t) = e−3t sin t.

Ïðèìåð 48 Íàéòè îðèãèíàë f1(t) ïî åãî èçîáðàæåíèþ

F1(p) =
p2 + 2

p3 + 3p2 + 5p + 2
.

Ðåøåíèå. Ïðåîáðàçóåì ïðàâóþ ÷àñòü ýòîé ôîðìóëû ê âèäó

F1(p) =
p2 + 2

p3 + 3p2 + 5p + 2
=

(p + 1)2 − 2(p + 1) + 3

(p + 1)[(p + 1)2 + 2]
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è óñëîâèå çàïèøåì òàê

F1(p) = F (p− (−1)) = F (p + 1) =
(p + 1)2 − 2(p + 1) + 3

(p + 1)[(p + 1)2 + 2]

Âîñïîëüçóåìñÿ òåîðåìîé ñìåùåíèÿ, òîãäà

F1(p) = F (p− (−1)) =.
· e−t f(t),

ãäå
f(t) =.

· F (p) =
p2 − 2p + 3

p(p2 + 2)
.

Îðèãèíàëîì äëÿ ïîñëåäíåãî èçîáðàæåíèÿ F (p) ÿâëÿåòñÿ ôóíêöèÿ f(t) =
3
2− 1

2 cos
√

2t−√2 sin
√

2t (ñì. ïðèìåð 45) Ïîäñòàâëÿÿ äàííûé ðåçóëüòàò,
ïîëó÷àåì èñêîìûé îðèãèíàë

f1(t) = e−t

(
3

2
− 1

2
cos

√
2t−

√
2 sin

√
2t

)
.

Çàäà÷è
Íàéäèòå îðèãèíàë f(t) ïî åãî èçîáðàæåíèþ F (p)

1. F (p) =
1

p2 + 3p + 2
. 2. F (p) =

1

p2 + 5p + 4
.

3. F (p) =
1

p2 + 2p + 2
. 4. F (p) =

1

p2 − 4p + 5
.

5. F (p) =
1

p3 + 2p2 + p
. 6. F (p) =

p

(p + 1)2 .

7. F (p) =
p

(p2 + 1)2 . 8. F (p) =
1

p2(p2 + 1)
.

9. F (p) =
p + 2

(p + 1)(p− 1)(p2 + 4)
. 10. F (p) =

p2 + 2p− 1

p3 + 3p2 + 3p + 1
.

11. F (p) =
1

(p− 1)2(p + 2)
. 12. F (p) =

2p + 3

p3 + 4p2 + 5p
.

13. F (p) =
p2 − p + 2

p3 − p2 − 6p
. 14. F (p) =

1

(p + 1)(p + 3)3 .

15. F (p) =
p2 + 1

p2(p− 1)2 . 16. F (p) =
p2 + 2p− 1

p3 − 2p2 + 2p− 1
.
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7 Èçîáðàæåíèÿ íåêîòîðûõ ñïåöèàëüíûõ ôóíêöèé

7.1 Áåññåëåâû ôóíêöèè

Ðàññìîòðèì áåññåëåâó ôóíêöèþ öåëîãî ïîðÿäêà Jn(t), òî åñòü ðåãóëÿðíîå
ðåøåíèå óðàâíåíèÿ Áåññåëÿ

t2y′′(t) + ty′(t) + (t2 − n2)y(t) = 0,

ïðåäñòàâèìîå ðÿäîì

y(t) =
∞∑

k=0

(−1)k

k!(n + k)!

(x

2

)2k+n

, n = 0, 1, . . . .

Âûøå ìû ïîêàçàëè, ÷òî J0 =.
·

1√
p2+1

, Re p > 0 (ñì. ïðèìåð 26). Íàé-
äåì èçîáðàæåíèå J1(t), âîñïîëüçîâàâøèñü òîæäåñòâîì J1(t) = −J ′0(t) è
òåîðåìîé 9.

J1(t) = −J ′0(t) =.
· −

(
p√

p2 + 1
− J0(0)

)
= 1− p√

p2 + 1
=

=

√
p2 + 1− p√

p2 + 1
=

1√
p2 + 1(

√
p2 + 1 + p)

. (7.1)

Ìåòîäîì èíäóêöèè ìîæíî ïîêàçàòü, ÷òî

Jn(t) =.
·

(
√

p2 + 1− p)n

√
p2 + 1

=
1√

p2 + 1(
√

p2 + 1 + p)n
. (7.2)

Íàéäåì èçîáðàæåíèå ôóíêöèè y(t) = J0(2
√

t). Ýòà ôóíêöèÿ óäîâëå-
òâîðÿåò óðàâíåíèþ

(ty′)′ + y = 0, y(0) = 1, y′(0) = −1. (7.3)

Ïðåîáðàçóåì ýòî ðàâåíñòâî ïî Ëàïëàñó, äëÿ ýòîãî ââåäåì îáîçíà÷åíèå
y(t) =.

· Y (p), òîãäà

y′(t) =.
· pY (p)− 1; ty′(t) =.

· −(pY (p)− 1)′ = −(pY (p))′;

(ty′(t))′ =.
· −p(pY (p))′.

43



Îòñþäà

(ty′)′ + y =.
· −p2Y ′ − pY + Y = 0, èëè Y ′

Y
=

1− p

p2 .

Íàõîäèì, ÷òî Y (p) = C
p
e1/p.

Äëÿ íàõîæäåíèÿ ïîñòîÿííîé C âîñïîëüçóåìñÿ ïðåäåëüíûì ñîîòíîøå-
íèåì

lim
x→∞

(xY (x)− Y (0)) = 0, x = Re p,

îòêóäà C = Y (0) = 1 è

J0(2
√

t) =.
·

1

p
e−1/p . (7.4)

Ïîäîáíûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî

tn/2Jn(2
√

t) =.
·

1

pn+1
e−1/p . (7.5)

Ïðåäîñòàâëÿåì ÷èòàòåëþ ñàìîñòîÿòåëüíî äîêàçàòü ýòó ôîðìóëó.

7.2 Èíòåãðàë âåðîÿòíîñòè (èíòåãðàë îøèáîê)

Ýòèì òåðìèíîì íàçûâàåòñÿ ôóíêöèÿ

erf(t) =
2√
π

t∫

0

e−τ2

dτ, |t| < ∞. (7.6)

Ìíîæèòåëü 2√
π
íîðìèðóåò (7.6), ñ ó÷åòîì èíòåãðàëà Ïóàññîíà erf(∞) =

1. Íàéäåì ïðåîáðàçîâàíèå Ëàïëàñà èíòåãðàëà îøèáîê. Ñíà÷àëà âû÷èñ-
ëèì èçîáðàæåíèå ôóíêöèè y(t) = e−t2, êîòîðàÿ óäîâëåòâîðÿåò óðàâíå-
íèþ

y′ + 2ty = 0, y(0) = 1. (7.7)

Ïðåîáðàçóåì åãî ïî Ëàïëàñó, ïîëàãàÿ y(t) =.
· Y (p)

pY (p)− y(0)− 2Y ′(p) = 0, y(0) = 1.

Y ′(p)− p

2
Y (p) = −1

2
,
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óìíîæàÿ ýòî ðàâåíñòâî íà µ(p) = exp
[
−p2

4

]
, èíòåãðèðóþùèé ìíîæèòåëü,

ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåì

e−p2/4 Y (p) = −1

2

p∫

0

e−q2/4 dq + C.

Äëÿ íàõîæäåíèÿ C óñòðåìèì x →∞, x = Re p, òîãäà

lim
x→∞

Y (p) = 0,

∞∫

0

e−q2/4 dq = 2

∞∫

0

e−r2

dr =
√

π,

òî C =
√

π
2 . Èòàê,

Y (p) = ep2/4



√

π

2
−

p/2∫

0

e−r2

dr


 =

√
π

2
ep2/4

(
1− erf

(p

2

))
.

Èñïîëüçóÿ òåîðåìó 10 (èçîáðàæåíèå èíòåãðàëà), ïîëó÷àåì

erf(t) =
2√
π

t∫

0

y(τ)dτ =.
·

1

p
ep2/4

(
1− erf

(p

2

))
. (7.8)
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8 Òàáëèöà èçîáðàæåíèé

Äëÿ óäîáñòâà è ïî òðàäèöèè ïðèâåäåì íåáîëüøóþ òàáëèöó èçîáðàæåíèé
íàèáîëåå ïîïóëÿðíûõ ôóíêöèé.

I. η(t− α) =.
·

e−αp

p , Re p > 0, α ≥ 0;

II. tν =.
·

Γ(ν+1)
pν+1 , Re p > 0, ν > −1;

III. tn =.
·

n!
pn+1 , Re p > 0;

IV. eαt =.
·

1
p−α , Re p > Re α;

V. sin ωt =.
·

ω
p2+ω2 , Re p > |Im ω|;

VI. cos ωt =.
·

p
p2+ω2 , Re p > |Im ω|;

VII. sh ωt =.
·

ω
p2−ω2 , Re p > |Re ω|;

VIII. ch ωt =.
·

p
p2−ω2 , Re p > |Re ω|;

IX. tn e−αt =.
·

n!
(p+α)n+1 ;

X. t sin ωt =.
·

2pω
(p2+ω2)2 ;

XI. t cos ωt =.
·

p2−ω2

(p2+ω2)2 ;

XII. e−αt sin ωt =.
·

ω
(p+α)2+ω2 ;

XIII. e−αt cos ωt =.
·

p+α
(p+α)2+ω2 ;

XIV. Jn(t) =.
·

(
√

p2+1−p)n√
p2+1

, n = 0, 1, . . .;

XV. tn/2Jn(2
√

t) =.
·

1
pn+1 e−1/p, n = 0, 1, . . .;

XVI. α
2
√

πt
√

t
· e−α2

4t =.
· e−α

√
p;

XVII. 1− erf
(

α
2
√

t

)
=.
·

e−α
√

p

p .
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9 Ïðèëîæåíèÿ îïåðàöèîííîãî èñ÷èñëåíèÿ

9.1 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è ñèñòåìû ñ ïî-
ñòîÿííûìè êîýôôèöèåíòàìè

Ìåòîäû îïåðàöèîííîãî èñ÷èñëåíèÿ ïðèìåíÿþòñÿ ïðè èíòåãðèðîâàíèè
äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ñèñòåì. Ñ ïîìîùüþ ýòèõ ìåòîäîâ èí-
òåãðèðîâàíèå íåêîòîðûõ êëàññîâ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñâîäèòñÿ ê ðåøåíèþ àëãåáðàè÷åñêèõ óðàâíåíèé; èç àëãåáðàè÷åñêîãî
óðàâíåíèÿ íàõîäÿò èçîáðàæåíèå ðåøåíèÿ äàííîãî óðàâíåíèÿ, ïîñëå ÷åãî
ïî èçîáðàæåíèþ âîîñòàíàâëèâàþò ñàìî ðåøåíèå.

Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n) + a1y
(n−1) + . . . + an−1y

′ + any = f(t), (9.1)

óäîâëåòâîðÿþùåå íóëåâûì íà÷àëüíûì óñëîâèÿì

y(0) = y′(0) = . . . = y(n−1)(0) = 0. (9.2)

Ïðåäïîëîæèì, ÷òî èñêîìàÿ ôóíêöèÿ y = y(t), åå ïðîèçâîäíûå y′(t),
y′′(t), . . . , y(n) è äàííàÿ ôóíêöèÿ f(t) ÿâëÿþòñÿ îðèãèíàëàìè. Îáîçíà-
÷èì èçîáðàæåíèÿ ôóíêöèé y(t) è f(t) ñîîòâåòñòâåííî ÷åðåç Y (p) è F (p).
Ïîëüçóÿñü ïðàâèëîì äèôôåðåíöèðîâàíèÿ îðèãèíàëà (ñì. òåîðåìó 9), íà-
õîäèì

y =.
· Y, y′ =.

· pY, y′′ =.
· p2Y, . . . , y(n−1) =.

· pn−1Y, y(n−1) =.
· pnY.

Íà îñíîâàíèè ñâîéñòâà ëèíåéíîñòè (ñì. òåîðåìó 5) ïîëó÷èì óðàâíåíèå
â èçîáðàæåíèÿõ

pnY + a1p
n−1Y + . . . + anY = F,
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êîòîðîå ñîîòâåòñòâóåò äàííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ. Èçîá-
ðàæåíèå Y èñêîìîãî ðåøåíèÿ èìååò âèä

Y (p) =
F (p)

pn + a1pn−1 + . . . + an
. (9.3)

Íàéäÿ èçîáðàæåíèå F (p) ôóíêöèè f(t), ïîëó÷èì èçîáðàæåíèå Y (p)

èñêîìîé ôóíêöèè y(t) è âîïðîñ áóäåò ñâåäåí ê îòûñêàíèþ ñîîòâåòñòâóþ-
ùåãî îðèãèíàëà, êîòîðûé ÿâëÿåòñÿ ðåøåíèåì äàííîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ (9.1) è óäîâëåòâîðÿåò óñëîâèÿì (9.2).

Ïðè èíòåãðèðîâàíèè äèôôåðåíöèàëüíûõ óðàâíåíèé íàõîäèò ïðèìå-
íåíèå èíòåãðàë Äþàìåëÿ (4.21).

Ïóñòü íåîáõîäèìî íàéòè ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.1)
ïðè f(t) = 1, óäîâëåòâîðÿþùåãî óñëîâèÿì (9.2).

z(n) + a1z
(n−1) + . . . + an−1z

′ + anz = 1, (9.4)

z(0) = z′(0) = . . . = z(n−1)(0) = 0. (9.5)

Îáîçíà÷èì èçîáðàæåíèå ðåøåíèÿ z(t) ÷åðåç Z(p), ïîëó÷èì óðàâíåíèå
â èçîáðàæåíèÿõ

pnZ + a1p
n−1Z + . . . + an−1pZ + anZ =

1

p
, (9.6)

îòêóäà
Z(p) =

1

p(pn + a1pn−1 + . . . + an)
. (9.7)

Èç ýòîãî ðàâåíñòâà è ðàâåíñòâà (9.3) íàõîäèì, ÷òî

Y (p) = pF (p)Z(p).

Ïîëüçóÿñü èíòåãðàëîì Äþàìåëÿ, ïîëó÷àåì

y(t) =
d

dt

t∫

0

f(τ)z(t− τ)dτ, (9.8)
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èëè

y(t) =
d

dt

t∫

0

z(τ)f(t− τ)dτ. (9.9)

Òàêèì îáðàçîì, êîãäà èçâåñòíî ðåøåíèå óðàâíåíèÿ (9.1) ïðè f(t) = 1,
óäîâëåòâîðÿþùåå íóëåâûì íà÷àëüíûì óñëîâèÿì, òî ìîæíî ñðàçó íàéòè
â êâàäðàòóðàõ ðåøåíèå ýòîãî óðàâíåíèå äëÿ ëþáîé ôóíêöèè f(t) ïðè òåõ
æå íà÷àëüíûõ óñëîâèÿõ.

Çàìå÷àíèå 1. Åñëè íà÷àëüíûå óñëîâèÿ íå ÿâëÿþòñÿ íóëåâûìè, òî
èçîáðàæåíèÿ ïðîèçâîäíûõ íàõîäÿò ñ ïîìîùüþ ôîðìóëû (4.12).

Äëÿ ïðèìåðà ðàññìîòðèì íåîäíîðîäíîå ëèíåéíîå óðàâíåíèå ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè âòîðîãî ïîðÿäêà

y′′(t) + ay′(t) + by(t) = f(t),

ãäå a, b � çàäàííûå ïîñòîÿííûå, f(t) � äàííàÿ ôóíêöèÿ, óäîâëåòâîðÿþ-
ùàÿ óñëîâèÿì ôóíêöèè-îðèãèíàëà. Ðåøèì äëÿ äàííîãî óðàâíåíèÿ çàäà-
÷ó Êîøè ïðè t ≥ 0 ñ íà÷àëüíûìè óñëîâèÿìè

y(0) = y0, y′(0) = y1.

Ïðåîáðàçóåì îáå ÷àñòè óðàâíåíèÿ ïî Ëàïëàñó, îáîçíà÷àÿ y(t) =.
· Y (p),

f(t) =.
· F (p), ñ ó÷åòîì (4.12)

p2Y (p)− py(0)− y′(0) + apY (p)− ay(0) + bY (p) = F (p).

Â ðåçóëüòàòå ïîëó÷èëîñü ëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå îòíîñè-
òåëüíî Y (p). Ïîäñòàâëÿÿ íà÷àëüíûå çíà÷åíèÿ y(t), èìååì

Y (p) =
F (p) + (p + a)y0 + y1

p2 + ap + b
.

Îòñþäà, ïðèìåíÿÿ îäèí èç ñïîñîáîâ îáðàùåíèÿ, íàõîäèì y(t).
Çàìå÷àíèå 2. Åñëè çà íà÷àëüíûé ìîìåíò âçÿòî çíà÷åíèå t0 6= 0, à íå

t = 0, òî ââîäÿò íîâóþ ïåðåìåííóþ τ ïî ôîðìóëå τ = t − t0, t = τ + t0,
òîãäà τ = 0 ïðè t = t0.
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Ïðèìåð 49 Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′′(t) + ω2y(t) = f(t); y(0) = y′(0) = 0, t ≥ 0.

Ðåøåíèå. Ïåðåõîäèì ê èçîáðàæåíèÿì

p2Y (p) + ω2Y (p) = F (p),

Y (p) =
F (p)

p2 + ω2 =
1

ω
· ω

p2 + ω2 · F (p).

Ñàìî ðåøåíèå y(t) çàïèøåòñÿ â âèäå ñâåðòêè f(t) è sin ωt =.
· ω(p2 +ω2)−1:

y(t) =
1

ω

t∫

0

sin ω(t− τ)f(τ)dτ.

Ýòîò ðåçóëüòàò ëåãêî ïîëó÷èòü è âàðèàöèåé ïîñòîÿííûõ, íî îïåðàöè-
îííûé ìåòîä íå ñëîæíåå è ìîæåò ïðèìåíÿòüñÿ äëÿ êóñî÷íî-íåïðåðûâíîé
f(t).

Ïðèìåð 50 Íàéòè ðåøåíèå óðàâíåíèÿ y′′(t) − y′(t) = 1, óäîâëåòâîðÿ-
þùåå óñëîâèÿì y(0) = y′(0) = 0.

Ðåøåíèå.Îáîçíà÷èì ÷åðåç Y (p) èçîáðàæåíèå ôóíêöèè y(t), òîãäà y′(t) =.
·

pY (p), y′′(t) =.
· p2Y (p). Ïîñêîëüêó 1 =.

·
1
p , òî óðàâíåíèå â èçîáðàæåíèÿõ

èìååò âèä
p2Y (p)− pY (p) =

1

p
,

îòêóäà

Y (p) =
1

p2(p− 1)
=

1− p2 + p2

p2(p− 1)
= −1 + p

p2 +
1

p− 1
= − 1

p2 −
1

p
+

1

p− 1
.

Âîçâðàùàÿñü ê îðèãèíàëó ïîëó÷àåì èñêîìîå ðåøåíèå y(t) = et − t − 1.
Ëåãêî ïðîâåðèòü, ÷òî ýòà ôóíêöèÿ óäîâëåòâîðÿåò äàííîìó óðàâíåíèþ è
íóëåâûì íà÷àëüíûì äàííûì.
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Ïðèìåð 51 Íàéòè ðåøåíèå óðàâíåíèÿ

y′′(t) + y(t) = f(t), y(0) = y′(0) = 0,

ãäå f(t) = 0, åñëè t ∈ (−∞, 2) ∪ [4,∞) è f(t) = 1, äëÿ t ∈ [2, 4)

Ðåøåíèå. Â ïðîñòðàíñòâå èçîáðàæåíèé äàííîå óðàâíåíèå èìååò âèä

p2Y (p) + Y (p) =
1

p
(e−2p− e−4p);

Y (p) = (e−2p− e−4p)
1

p(p2 + 1)
= (e−2p− e−4p) · 1

p
− (e−2p− e−4p) · p

p2 + 1
.

Âîçâðàùàÿñü ê îðèãèíàëó ïîëó÷àåì èñêîìîå ðåøåíèå

y(t) = η(t− 2)− η(t− 4) + cos(t− 4)− cos(t− 2),

èëè

y(t) =





0 ïðè t < 2,

1− cos(t− 2) ïðè 2 ≥ t ≥ 4,

cos(t− 4)− cos(t− 2) ïðè t ≤ 4.

Ïðèìåð 52 Íàéòè ðåøåíèå óðàâíåíèÿ y′′(t)+y(t) = 2 cos t, óäîâëåòâî-
ðÿþùåå óñëîâèÿì y(0) = 0, y′(0) = −1.

Ðåøåíèå.Îáîçíà÷èì ÷åðåç Y (p) èçîáðàæåíèå ôóíêöèè y(t), òîãäà y′(t) =.
·

pY (p), y′′(t) =.
· p2Y (p) + 1. Ïîñêîëüêó cos t =.

·
p

p2+1 , òî óðàâíåíèå â èçîá-
ðàæåíèÿõ ïðèíèìàåò âèä

p2Y (p) + 1 + Y (p) =
2p

p2 + 1
,

îòêóäà
Y (p) =

2p

(p2 + 1)2 −
1

p2 + 1
.

Ñëåäîâàòåëüíî,
y(t) = t sin t− sin t.
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Ïðèìåð 53 Ïðîèíòåãðèðîâàòü óðàâíåíèå y′′(t) + 4y(t) = 8 sin 2t ïðè
íà÷àëüíûõ óñëîâèÿõ y(0) = C1, y′(0) = C2.

Ðåøåíèå.Îáîçíà÷èì ÷åðåç Y (p) èçîáðàæåíèå ðåøåíèÿ y(t), òîãäà y′(t) =.
·

pY (p) − C1, y′′(t) =.
· p2Y (p) − C1p − C2. Òàê êàê sin 2t =.

·
2

p2+4 , òî îïåðà-
òîðíîå óðàâíåíèå ïðèíèìàåò âèä

p2Y (p)− 1 − 2 + 4Y (p) =
16

p2 + 4
,

îòêóäà
Y (p) =

16

(p2 + 4)2 + 1
p

p2 + 4
+ 2

1

p2 + 4
.

Íàõîäÿ îðèãèíàëû êàæäîãî èç ñëàãàåìûõ â ïðàâîé ÷àñòè, ïîëó÷àåì èñ-
êîìîå ðåøåíèå

y(t) = C1 cos 2t +
C2

2
sin 2t + sin 2t− 2t cos 2t,

èëè
y(t) = C1 cos 2t + C sin 2t− 2t cos 2t, C =

C2

2
+ 1.

Ïðèìåð 54 Ïðîèíòåãðèðîâàòü óðàâíåíèå y′′(t) + y′(t) = t ïðè íà÷àëü-
íûõ óñëîâèÿõ y(0) = y′(0) = 0.

Ðåøåíèå. Íàéäåì ñíà÷àëà ðåøåíèå óðàâíåíèÿ z′′ + z′ = 1 ïðè íóëåâûõ
íà÷àëüíûõ óñëîâèÿõ. Äàííîå óðàâíåíèå â èçîáðàæåíèÿõ èìååò âèä

p2Z(p) + pZ(p) =
1

p
,

îòêóäà
Z(p) =

1

p(p2 + 1)
=

1

p + 1
+

1

p2 −
1

p
,

z(t) = e−t +t− 1.

Íà îñíîâàíèè ôîðìóëû (9.9) ïîëó÷àåì:

y(t) =
d

dt

t∫

0

(e−τ +τ − 1)(t− τ)dτ =
t2

2
− t− e−t +1.

52



Ïðèìåð 55 Íàéòè ðåøåíèå óðàâíåíèÿ y′′(t)− y′(t)− 6y(t) = 2 e4t, óäî-
âëåòâîðÿþùåå óñëîâèÿì y(0) = y′(0) = 0.

Ðåøåíèå. Îïåðàòîðíîå óðàâíåíèå â äàííîì ñëó÷àå ïðèíèìàåò âèä

p2Y (p)− pY (p)− 6Y (p) =
2

p− 4
,

îòêóäà

Y (p) =
2

(p− 4)(p2 − p− 6)
=

2

(p− 4)(p− 3)(p + 2)
=

=
1

15
· 1

p + 2
− 2

5
· 1

p− 3
+

1

3
· 1

p− 4
.

Ñëåäîâàòåëüíî, èñêîìîå ðåøåíèå îïðåäåëÿåòñÿ ôîðìóëîé

y(t) =
1

15
e−2t−2

5
e3t +

1

3
e4t .

Ïðèìåð 56 Íàéòè ðåøåíèå çàäà÷è Êîøè y′′(t)−3y′(t)+2y(t) = t e3t; y(1) =

1, y′(1) = 1.

Ðåøåíèå. Â îòëè÷èå îò ïðåäûäóùèõ ïðèìåðîâ, çäåñü çà íà÷àëüíûé ìî-
ìåíò âçÿòî çíà÷åíèå t = 1, à íå t = 0. Ââåäåì íîâóþ ïåðåìåííóþ τ = t−1,
îòêóäà t = τ + 1. Ñ ó÷åòîì ïîñëåäíåãî ðàâåíñòâà èñêîìàÿ ôóíêöèÿ
y(t) = y(τ + 1) = z(τ), ïðè ýòîì óðàâíåíèå è íà÷àëüíûå óñëîâèÿ çà-
ïèøóòñÿ òàê

z′′(τ)− 3z′(τ) + 2z(τ) = (τ + 1) e3 e3τ , z(0) = z′(0) = 1.

Íàéäåì ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ:

z(τ) =.
· Z(p), z′(τ) =.

· pZ(p)− 1, z′′(τ) =.
· p2Z(p)− p− 1;

(τ + 1) e3τ = τ e3τ + e3τ =.
·

1

(p− 3)2 +
1

p− 3
=

p− 2

(p− 3)2 ;

(p3 − 3p + 2)Z(p) = e3 p− 2

(p− 3)2 + p− 2;
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Z(p) = e3 1

(p− 1)(p− 3)2 +
1

p− 1
.

Ñëåäîâàòåëüíî,

z(τ) =
1

4
e3(eτ − e3τ +2τ e3τ) + eτ =

(
e3

4
+ 1

)
eτ +

2τ − 1

4
e3(τ+1) .

Âîçâðàùàÿñü ê ïåðåìåííîé t, ïîëó÷àåì ðåøåíèå èñõîäíîé çàäà÷è Êîøè

y(t) =
e3 +4

4 e
et +

2t− 3

4
e3t .

Ïðèìåð 57 Íàéòè ðåøåíèå óðàâíåíèÿ y′′(t)+y′(t) = t; y(1) = 1, y′(1) =

0.

Ðåøåíèå. Ïîëîæèì t = τ + 1, y(t) = y(τ + 1) = z(τ), òîãäà óðàâíåíèå
è íà÷àëüíûå óñëîâèÿ ïðèìóò âèä

z′′(τ) + z′(τ) = τ + 1, z(0) = 1, z′(0) = 0.

Ñîñòàâèì îïåðàòîðíîå óðàâíåíèå äëÿ ýòîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ:

z(τ) =.
· Z(p), z′(τ) =.

· pZ(p)− 1, z′′(τ) =.
· p2Z(p)− p;

p2Z(p)− p + pZ(p)− 1 =
1

p2 +
1

p
;

Z(p) =
1

p3 +
1

p
.

Ïåðåõîäÿ ê îðèãèíàëàì, ïîëó÷àåì

z(τ) = 1 +
τ 2

2
.

Âîçâðàùàÿñü ê ïåðåìåííîé t, ïîëó÷àåì ðåøåíèå èñõîäíîé çàäà÷è Êîøè

y(t) = 1 +
(t− 1)2

2
.

Ïðåîáðàçîâàíèå Ëàïëàñà ìîæíî ïðèìåíÿòü è äëÿ ðåøåíèÿ ñèñòåì ëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
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Ïðèìåð 58 Íàéòè ðåøåíèå ñèñòåìû
{

y′ − 3y − 2z = 4 e5t

z′ − y − 2z = 0,

ïðè íà÷àëüíûõ óñëîâèÿõ y(0) = z(0) = 0, t ≥ 0.

Ðåøåíèå. Ïóñòü y(t) =.
· Y (p), z(t) =.

· Z(p). Ïåðåõîä ê èçîáðàæåíèÿì
ïåðåâîäèò ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â àëãåáðàè÷åñêóþ ñè-
ñòåìó

pY (p)− 3Y (p)− 2Z(p) =
4

p− 5
pZ(p)− Y (p)− 2Z(p) = 0.

Îòñþäà

Y (p) =
4(p− 2)

(p− 5)(p2 − 5p + 4)
; Z(p) =

4

(p− 5)(p2 − 5p + 4)
.

Îáðàùàÿ ïðåîáðàçîâàíèÿ, ïîëó÷àåì

y(t) = −1

3
(et +8 e4t) + 3 e5t

z(t) =
1

3
(et +4 e4t) + e5t .

Ïðèìåð 59 Íàéòè ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
{

y′ + 3y + z = 0

z′ − y + z = 0,

ïðè íà÷àëüíûõ óñëîâèÿõ y(0) = z(0) = 1, t ≥ 0.

Ðåøåíèå. Ââåäåì îáîçíà÷åíèÿ y(t) =.
· Y (p), z(t) =.

· Z(p), òîãäà ñèñòåìà
â èçîáðàæåíèÿõ ïðèìåò âèä

pY (p)− 1 + 3Y (p) + Z(p) = 0

pZ(p)− 1− Y (p) + Z(p) = 0.

55



èëè

(p + 3)Y (p) + Z(p) = 1

−Y (p) + ( + 1)Z(p) = 1.

Ðåøåíèå ýòîé ñèñòåìû ïîëó÷èì ñ ïîìîùüþ ôîðìóë Êðàìåðà Y =
∆y

∆ ,
Z = ∆z

∆ , ãäå ∆ � îïðåäåëèòåëü ñèñòåìû, ∆y, ∆z � îïðåäåëèòåëè, ïîëó÷åí-
íûå èç îïðåäåëèòåëÿ ñèñòåìû çàìåíîé êîýôôèöèåíòîâ ïðè ñîîòâåòñòâó-
þùèõ íåèçâåñòíûõ ñâîáîäíûìè ÷ëåíàìè. Ïîñêîëüêó

∆ = (p + 2)2, ∆y = p, ∆z = p + 4,

òî
Y (p) =

p

(p + 2)2 , Z(p) =
p + 4

(p + 2)2 .

Ñëåäîâàòåëüíî,

y(t) = e−2t(1− 2t), z(t) = e−2t(1 + 2t).

9.2 Èíòåãðàëüíûå óðàâíåíèÿ òèïà ñâåðòêè

9.2.1 Óðàâíåíèÿ â ñâåðòêàõ âòîðîãî ðîäà

Óðàâíåíèåì â ñâåðòêàõ âòîðîãî ðîäà íàçîâåì ñëåäóþùåå ðàâåíñòâî

ay(t) + b

t∫

0

k(t− τ)y(τ)dτ = f(t), t ≥ 0,

ãäå a è b � ïîñòîÿííûå íå ðàâíûå íóëþ, k(t) è f(t) èçâåñòíûå ôóíêöèè-
îðèãèíàëû. Ïðåîáðàçóåì åãî ïî Ëàïëàñó, ïðåäïîëàãàÿ y(t) =.

· Y (p), k(t) =.
·

K(p) è f(t) =.
· F (p).

aY (p) + bK(p)Y (p) = K(p),

îòêóäà

Y (p) =
F (p)

a + bK(p)
=

1

a
· F (p)(a + bK(p))− bF (p)K(p)

a + bK(p)
=

=
1

a
F (p)− b

a

K(p)

a + bK(p)
F (p) =

1

a
F (p)− b

a
Φ(p)F (p).
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Çäåñü Φ(p) = K(p)
a+bK(p) =.

· φ(t). Â èòîãå

y(t) =
1

a
f(t)− b

a

t∫

0

φ(t− τ)f(τ)dτ.

9.2.2 Óðàâíåíèÿ â ñâåðòêàõ ïåðâîãî ðîäà

Ýòî óðàâíåíèÿ âèäà
t∫

0

k(t− τ)y(τ)dτ = f(t), t ≥ 0,

ãäå k(t) è f(t) èçâåñòíûå ôóíêöèè-îðèãèíàëû. Ïîñëå ïðåîáðàçîâàíèÿ
èìååì

K(p)Y (p) = K(p), Y (p) = F (p) · [K(p)]−1.

Ðåøåíèå y(t) íåëüçÿ ïðåäñòàâèòü â âèäå ñâåðòêè, èáî [K(p)]−1 íå èìååò
îðèãèíàë (íåîãðàíè÷åíà äëÿ áîëüøèõ p, òàê êàê K(p) → 0 ïðè p →∞).
Ïîýòîìó y(t) íàõîäÿò êàêèì-íèáóäü äðóãèì ñïîñîáîì.

Ïðèìåð 60 Ðåøèòü óðàâíåíèå
t∫

0

y(τ) sin(t− τ)dτ = 1− cos t, t ≥ 0.

Ðåøåíèå.

Y (p) · 1

p2 + 1
=

1

p
− p

p2 + 1
=

1

p(p2 + 1)

Y (p) =
1

p
, y(t) = η(t).

9.3 Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Ðàññìîòðèì â îáëàñòè x > 0, t > 0 óðàâíåíèå

a(x, t)uxx + b(x, t)utt + c(x, t)ux + d(x, t)ut + e(x, t)u = f(x, t). (9.10)
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Èç ìíîãî÷èñëåííûõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé äëÿ ìíîæåñòâà (0,∞)

ïðåîáðàçîâàíèå Ëàïëàñà, (÷àùå âñåãî ïî t) ïðèìåíÿþò íåðåäêî èç-çà õî-
ðîøåé òåîðåòè÷åñêîé áàçû. Åñòü è ïðèíöèïèàëüíûå ïðè÷èíû, íàïðèìåð
êîýôôèöèåíòû â (9.10) çàâèñÿò òîëüêî îò x èëè, ÷òî âàæíåå, ôóíêöèÿ
u(x, t) èùåòñÿ â êëàññàõ íåèíòåãðèðóåìûõ íà ∞ ôóíêöèÿõ.

Ïðèìåð 61 Íàéòè ðåøåíèå óðàâíåíèÿ

ut = a2uxx, x > 0, t > 0,

óäîâëåòâîðÿþùåå óñëîâèÿì u|t=0 = 0, u|x=0 = ϕ(t), u|x=∞ = 0.

Ðåøåíèå. Ýòó çàäà÷ó ìîæíî ðåøèòü ñèíóñ-ïðåîáðàçîâàíèåì Ôóðüå, íî
ìû ïðîäåìîíñòðèðóåì îïåðàöèîííûé ìåòîä. Ïóñòü u(x, t) =.

· Y (x, p), òî-
ãäà uxx(x, t) =.

· Yxx(x, p) ïðè ýòîì Y (0, p) = Φ(p) =.
· ϕ(t). ut(x, t) =.

·
pY (x, p)− u(x, 0). Íî u(x, 0) = 0, è îêîí÷àòåëüíî óðàâíåíèå â ïðîñòðàí-
ñòâå îáðàçîâ èìååò âèä:

Yxx(x, p)− p

a2Y (x, p) = 0,

îòêóäà
Y (x, p) = C1(p) · e

√
p

a x +C2(p) · e−
√

p

a x .

Òàê êàê lim
x→∞

Y (x, p) = 0, òî C1(p) ≡ 0. Ó÷èòûâàÿ óñëîâèå ïðè x =

0, íàõîäèì, ÷òî C2(p) = Φ(p). Èòàê, Y (x, p) = Φ(p) e−
√

p

a x. Îáðàòíîå
ïðåîáðàçîâàíèå âû÷èñëèì êàê ñâåðòêó ϕ(t) è f(t) =.

· e−
√

p

a x. Ïî ôîðìóëå
XVI íàõîäèì f(t) = x

2a
√

πt
√

t
· e− x2

4a2t . Ðåøåíèå èñõîäíîãî óðàâíåíèÿ

u(x, t) = (ϕ ∗ f)(t) =
x

2a
√

π

t∫

0

ϕ(τ) · (t− τ)−3/2 · exp

{
− x2

4a2(t− τ)

}
dτ.

9.4 Âû÷èñëåíèå íåñîáñòâåííûõ èíòåãðàëîâ

Ñíà÷àëà äîêàæåì óòâåðæäåíèå.
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Òåîðåìà 15 (Ïàðñåâàëü) Ïóñòü f(t) è g(t) ôóíêöèè-îðèãèíàëû, à F (p)

è G(p) èõ èçîáðàæåíèÿ, Re p ≥ 0. Åñëè f(t)G(t) è g(t)F (t) èíòåãðèðó-
åìû, òî

∞∫

0

f(t)G(t)dt =

∞∫

0

F (t)g(t)dt. (9.11)

Äîêàçàòåëüñòâî. Èìååì
∞∫

0

f(t)G(t)dt =

∞∫

0

f(t)

∞∫

0

e−tτ g(τ)dτdt =

∞∫

0

g(τ)

∞∫

0

e−tτ f(t)dtdτ =

=

∞∫

0

g(τ)F (τ)dτ =

∞∫

0

g(t)F (t)dt.

Îáîñíîâàíèå âîçìîæíîñòè ïåðåìåíû ïîðÿäêà èíòåãðèðîâàíèå ìû ïðåäî-
ñòàâëÿåì ÷èòàòåëþ.
Ñëåäñòâèå. Ïóñòü f(t) =.

· F (p), Re p = x ≥ 0. Åñëè f(t)/t è F (x)

èíòåãðèðóåìû íà [0,∞), òî
∞∫

0

f(t)

t
dt =

∞∫

0

F (x)dx.

Ýòî ñîîòíîøåíèå ñëåäóåò èç òåîðåìû Ïàðñåâàëÿ, åñëè ïîëîæèòü g(t) =

η(t) =.
·

1
p = G(p).

Ïðèìåð 62 Èíòåãðàë Äèðèõëå:
∞∫

0

sin t

t
dt =

∞∫

0

1

x2 + 1
dx = arctg x

∣∣∣∣
∞

0
=

π

2
.

Ïðèìåð 63 Âû÷èñëèòü èíòåãðàë, α > 0, ω > 0:
∞∫

0

e−αt− cos ωt

t
dt =

∞∫

0

(
1

x + α
− x

x2 + ω2

)
dx = ln

x + 2√
x2 + ω2

∣∣∣∣
∞

0
= ln

ω

α
.
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Ïðèìåð 64
∞∫

0

J1(t)

t
dt =

∞∫

0

√
x2 + 1− x√

x2 + 1
dx = (x−

√
x2 + 1)

∣∣∣∣∣

∞

0

= 1.

Çàäà÷è
Â çàäà÷àõ 1-10 íàéäèòå ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíå-

íèé, óäîâëåòâîðÿþùèå çàäàííûì íà÷àëüíûì óñëîâèÿì:

1. y′′ − 2y′ = e2t, y(0) = 0, y′(0) = 0.

2. y′′ + 4y = sin 2t, y(0) = 0, y′(0) = 1.

3. y′′ + 2y′ + 2y = 1, y(0) = 0, y′(0) = 0.

4. y′′ + 3y′ + 3y = 0, y(0) = 0, y′(0) = 1.

5. y′′ + 2y′ + y = sin t, y(0) = 0, y′(0) = −1.

6. y′′ + y′ = t2 + 2t, y(0) = 4, y′(0) = −2.

7. y′′ + y = cos t, y(0) = −1, y′(0) = 1.

8. y′′ − 2y′ − 3y = 2t, y(0) = 1, y′(0) = 1.

9. y′′ + 2y′ − 3y = e−t, y(0) = 0, y′(0) = 1.

10. y′′ + 9y′ = cos t, y(0) = 0, y′(0) = 0.
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Â çàäà÷àõ 11-18 ðåøèòå çàäà÷ó Êîøè äëÿ ñèñòåìû ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

11.

{
x′ + y = 0,

y′ + x = 0,
x(0) = 1, y(0) = −1.

12.

{
x′ + 3x + y = 0,

y′ − x + y = 0,
x(0) = 1, y(0) = 1.

13.

{
x′ + x− y = et,

y′ + y − x = et,
x(0) = 1, y(0) = 1.

14.

{
x′ + 4x + 4y = 0,

y′ − 2x + 6y = 0,
x(0) = 3, y(0) = 15.

15.

{
x′ − 2x− 4y = cos t,

y′ + x + 2y = sin t,
x(0) = 0, y(0) = 0.

16.





x′ = y + z,

y′ = 3x + z,

z′ = 3x + y,

x(0) = 0, y(0) = 1, z(0) = 1.

17.





x′ = 2x− y + z,

y′ = x + z,

z′ = −3x + y − 2z,

x(0) = 1, y(0) = 1, z(0) = 0.

18.





x′ = y + z,

y′ = x + z,

z′ = x + y,

x(0) = 1, y(0) = 0, z(0) = 0.
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